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LOINOI PAU

Péng luc hoc cong trinh la phan chuyén dé cia Co hoc cong trinh nghién
ct?u cde phuong phip tinh todn cong trinh chiu cde tde dung dong. Trong thic té
ta thuong phdi gidi quyét cée bai todn vé Péng luc hoc cong trink nhu: Cdce cong
trinh nha cong nghiép chiu tdi trong déng; cdc cong trinh nha cao tang, cdc cong
trinh cdu... chiu tdc dung déng cia gié bdo va dong dit; cdc cong trinh cau chiu
tdi trong déng di déng, cdc cong trinh thuy chiu tdc dung dong ctia song bién...

Tai liéu nay sé trinh bay cdc néi dung rdt co ban cia li thuyét dao dong cong
trinh: Dao déng hé mét bdc tu do; Dao déng hé hitu han bdc tu do; Dao déng hé
vo han béc ti do; Trén co 56 d6 ¢6 thé vin dung dé gidi quyét cdc bai todn dong
luc hoc céng trinh trong thuc té vdi cdc hé két cdu khdc nhau: Dam, khung,
dan... chiu cdc tdc dung dong khdc nhau; Tai liéu cing dé cip dén bai todn dao
déng ciia két cdu khung cao tdng chiu tée dung dong dét. O tai lidu nay, chi yéu
giai quyét cac noi dung trong pham vi cua li thuyét dao déng tuyén tinh; vdi bai
todn dao dong phi tuyén mdi chi dé cdp dén bai todn dao dong dan déo hé mét
béc tu do.

Tai lidu duge bién soan nham phuc vu cho cic doéi tugng dao tao béac dai hoc
nganh xdy dung cong trinh, dong thoi day ciing la tai liéu tham khdo cho cdc
can bd ky thudt va cde hoc vién cao hoc nganh cong trinh co lién quan.

Tuy c6 rdt nhiéu cé gdng trong bién soan, nhung kho tranh khéi nhitng thiu
56t cdc tdc gid rdt mong nhdn dude su gop y ctia ban doc.

Tdc gid chdn thanh cdm on Nha xudt bin Xay ding, cde dong nghiép da giip
do dé cuén sdch som ra mat ban doe.
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MG PAU

$1. NHIEM VU CO BAN CUA BAI TOAN PONG LUC HOC CONG TRINH

o phan tinh hoc cong trinh cta gido trinh Co hoc két cdu, ta dd nghién ciru cdc
phuong phdp tinh todn cong trinh chiu tic dung ctia tai trong tinh. Trong thuc t€, phin
16n céc cong trinh xay dung déu chiu tdc dung clia tai trong dong.

Khéi niém vé dong luc hoc 1a khdi niém gin lién véi khdi niém vé luc thay déi theo
thdi gian; nghién ciu dong luc hoc cong trinh 12 nghién ctu cong trinh chiu tic dung
cba 1ai trong thay ddi theo thoi gian.

Nhiém vu co ban cha bai todn dong luc hoc cong trinh 1a xdc dinh chuyén vi va noi
luc trong két cdu cong trinh khi cong trinh chiu tdc dung ctia tai trong thay déi theo thoi
gian: Trén co sd d6, s& xdc dinh dugc cdc bién dang va Ung suat cyc dai dé tinh todn kiém
tra cac cong trinh thuc, dong thai lua chon duoc kich thude két cau hop li dam bao bién
dang vA mg sudt nho dé thiét k& cic cong trinh méi, tranh cac hién tuong cong hudng.

Dudi tic dung dong cla tai trong thay déi theo thdi gian, hé s& dao dong va dao dong
dé duoc biéu thi dudi dang chuyén vi ciia két cdu. Do d6 khi phan tich va giat quyét bai
todn dong luc hoc cong trinh s& cho phép xac dinh duoc su thay déi cha chuyén vi theo
thoi gian tuong dng v6i qué trinh thay déi clia tai trong déng. Cdc tham s6 khac nhu ndi
lirc, tng suat, bién dang,... néi chung déu duge xdc dinh sau khi ¢6 su phan bé chuyén vi
ciia he. Tat cé cdc tham s6 d6 déu la cdc ham thay ddi theo bién thdi gian phu hop véi
tic dung dong bén ngodai. Tuy nhién, d6i khi viéc giai quyét bai toin dong luc hoc cong
trinh con duge ti€n hanh bing viéc dua vao cic hé s8 dong. Khi dé, ndi luc chuyén vi va
moi tham s& cla hé déu dugc tinh toan théng qua hé s6 dong vdi cic két qua tinh todn
tinh. Tt cd cdc dai lugng dé déu 1a cdc gid tri cuc dai ting véi mét thai diém xdc dinh,
khong phai la cic ham theo bién thdi gian.

§2. CAC PAC PIEM CO BAN CUA BAI TOAN DONG LUC HOC CONG TRINH

Viéc tinh toan dong luc hoc cong trinh khdc véi viéc tinh toan tinh hoc cong trinh &
nhiing dic diém co ban duéi day.

Trude hét, dudi tic dung cla tai trong dong thay doi theo thoi gian, trang thdi tng
sudt bién dang ctia hé ciling s& bién déi theo thai gian. Nhu vay, bai todn dong sé khong
¢6 nghiém duy nhét nhu bai todn tinh. Do dé, can phai tim sy lién tuc ctia nghiém tuong
ting v&i moi thdi diém thoi gian bi€u thi trang thdi thuc clta hé. Chinh vi thé ma viéc tinh
toan dong phic tap va khé khan hon nhiéu so vdi viéc tinh toan tinh.



Mat khéc, dac diém co ban clia bai toan dong dugc phan biét 15 so véi bai toan finh &
ché: O bai todn finh, dudi tic dung cla tai trong tinh la tai trong tac dung cham 1én cong
trinh, su chuyén dong clia hé 13 cham va luc quan tinh rat nho ¢6 thé bd qua duge. O bai
todn dong. tic dung ctia tii trong dong lén cong trinh gay ra su chuyén dong cia h¢ véi
gia téc lén, va luc quan tinh phu thuge vio gia téc chuyén dong (dao ham bic hai clia
chuyén vi theo thoi gian) 13 khong thé bé qua duge. Su can thiét phai ké dén luc quén
tinh 1a su khéc biét co ban nhat cha bai todn dong luc hoc véi bai todn tinh hoc.

Ngoai ra viéc xét dén anh hudng ciia luc can ciing 12 mot diac diém co ban phan biét
bai todn dong véi bai todn inh. Ban chat cla luc can chuyén dong (luc tat dan) rat phiic
tap va da dang. Vi vay, viéc tinh luc can phdc tap hon so véi tinh luc quén tinh. Trong
tinh todn, doi khi khong xét dén anh hudng cta luc can, d6i khi luc can duge tinh méot
céach gén dung v6i nhimg gia thiét phd hop. Nlumg phai luon thdy ring luc can luon luén
c6 mat va tham gia vio qua trinh chuyén déng cla he.

§3. CAC DANG TAI TRONG PONG TAC DUNG LEN CONG TRINH

Bét ki mot két cdu xay dung nao trong qud trinh st dung déu phéi chiu tic dung clia
tai trong déng ¢ dang nay hay dang khédc. Tai trong dong la tai trong bat ki ¢ do 16n,
phuong, vi tri thay ddi theo thoi gian. Tai trong dong tac dung 1én cong trinh rit da dang
va phitc tap. Theo cdc dac trung ctia nd, tai trong dong véi maét quy luat bdt ki nao do
dugc phan ra la tai trong c6 chu ki va tai trong khong c6 chu ki.

1. Cac tai trong ¢6 chu Ki

Tai trong ¢6 chu ki 1a tai trong lap di lap lai theo thoi gian qua cac chu ki. Chu ki clia
tai trong c6 thé 1a lién tuc ma cling c6 thé 1 gidn doan. Néu tdi trong tic dung cé quy
fuat hinh sin hoac cos véi chu ki lién tuc thi goi 12 tai trong diéu hoa don gian, hay tai
trong rung dong (hinh M.la). Tai trong nay phat sinh khi dong co mo to ¢é phdn quay
khong can bang vi khai luong dat léch tam (hinh M.1b). M6 to dat trén hé s& sinh ra luc
quan tinh li tam:

P =Mr’p (M-1)
Trong dé:
M - khéi lugng phan quay;
p - do léch tam;
r - van toc gée cta mo to.
r= 26%.“ . (1/s) (M-2)

n - $0 vong quay trong 1 phat.
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Hinh M.l
Luc [i tam s& gay ra tai trong dong tdc dung 1én hé theo phuong diing va phuong
ngang. Tal trong dong tac dung 1én hé theo phuong dimg s€ la: -
_ P(t)=P.sin rt {M-3)
Cic dang khdc cua tai trong ¢6 chu ki thudng phiic tap hon. Sy phic tap biéu hién &
quy luat thay doi cta tai trong trong méi chu trinh (hinh M.2a). Vi du nhu dp luc thuy
dong hoc do su quay cla canh quat tau thuy (hinh M.2b).
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Hinh M.2

2. Tai trong khong ¢6 chu ki

Tai trong khong ¢ chu ki ¢6 thé 1a cdc loai tai trong ngin han va cdc tai trong dii
han dang tong quat;

- Tdi trong ngén han: Nguén kich dong dac trung clia tai trong ngén han la cde vu nd.
Mot so dang tai trong ngidn han cho ¢ hinh M.3. Cdc dang tii trong hinh M.3a,
(M-3b) [a dang rat dic trung va thuong gép trong tinh todn cdc c¢ong trinh quan su.
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3 hinh (M-3a) biéu thi ap luc cia séng va cham (con goi la séng xung kich) tic dung
vao cong trinh do cdc vu né trong khong khi. Séng nd s& truyén ap luc truc ti€p vao cac
cong trinh trén mat dat, hodc vao céc méi cong trinh ngam cé chiéu day 16p dit 1dp nho.
Dac trung cula tai trong nay la tai trong dugce tang tic thoi dén gia tri cuc dai, sau dé
giam ngay theo quy tuat tuyén tinh. G hinh (M-3b) biéu thi dp luc clia séng nén tic dung
Va0 cic cong trinh vii sau trong dat do cdc vu nd trong dit gdy ra. Séng né s& truyén ap
luc vao cdc mat day va tudng ngoai clia céng trinh ngam. Dic trung cuia tai trong nay la
tai trong dugc tang nhanh theo quy luét tuyén tinh dén gid tri cuc dai, sau d6 lai giam
ciing theo quy luét tuyén tinh.

- Tdi trong dong dai han: Ton tai sau nhiéu chu ki dao dong, 12 dang tai trong thudng
gap, thi du nhu tic dung cta dong dat doi véi cdc cong trinh xay dung déu thudc loai tai
trong nay. Trén hinh (M-4) mo t& so d6 tai trong do cdc vu dong dat gy ra. Tai trong
dong dat duoc dac trung bdi gia téc ngang 16n va twong mg xudt hién luc quén tinh
ngang lén.
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Hinh M 4
Ngoai ra con c6 nhiéu tai trong dong phitc tap nhu tdi trong gié bio, su thay ddi dot
ngot cia nhiét d6 moi trudng, tic dung cha séng bién,.. va cdc tai trong ngiu nhién khéc.

§4. PHAN LOAI DAO PONG

Tuy theo su phan bé khéi lugng trén hé, cdu tao va kich thudc cia hé, tinh chat cha
cdc loai tai trong va cdc tic dung déng bén ngoai, anh hudng va sy tuong tic cha moi
truong dao dong, cling nhu su lam viéc clia hé v.v.. ma ngudi ta ¢6 rit nhiéu cich phan
loai dao dong khac nhau. D¢ thuan tién cho viéc phan tich dao dong cua cic hé, ta dua
ra mot 50 cach phan loai sau:

1. Phan theo s6 bac tr do clia hé dao dong

Bac wr do cua h¢ s& duge xét & phan duéi. Cich phén theo s6 bac tu do dua hé vé ba
loai dao dong sau:

- Dao ddng clia hé mot bac tr do;
- Dao dong cta hé hitu han bac ty do (= 2);

- Dao dong cua hé v6 han bac tu do.



2. Phan theo tinh chit va nguyén nhan gay ra dao dong

- Dao dong tu do: La dao dong sinh ra do chuyén vi va téc do ban ddu clia hé. Diéu kién
ban ddu dugc tao nén do tadc dong cta cdc xung luc tic thoi va tdch hé ra khoi vi tri can
béng, n6i cach khdc dao dong tu do 1a dao dong khong c6 tai trong dong duy tri trén hé.

- Dao dong cudng bic: La dao dong sinh ra do céc tai trong dong (di xét & §3 - mé
dau) va cdc tic dung dong bén ngoai khic. Dao dong cudng birc bao gém rat nhiéu loai
nhu: Dao déng clia hé chiu tai trong ¢6 chu ki, hé chiu tai trong ngén han, hé chiu tai
trong di dong, c¢ha cac cong trinh va nha cao ting chiu tic dung cia gid, cla cac cong
trinh chiu tai trong dong dat xung nhiét v.v...

3. Phan theo sy tén tai ciia luc

- Dao dong khong tat dan: La dao dong bd qua anh hudng cla lyc can.

- Dao dong tat ddn: La dao dong ¢6 xét tdi luc can.

4. Phan theo kich thude va cau tao cita hé: Theo cich phan loai nay, dao dong cla
hé sé bao gom:

- Dao dong cta hé thanh (ddm, dan, vom, khung...);

- Dao dong cua tam;

- Dao dong clia vo;

- Dao dong cida cac khoi mong;

- Dao dong cua hé treo;

- Dao dong ciia cdc két cau cong trinh dac biét v.v...

5. Phan theo dang phuong trinh vi phan mé ta dao dong

- Dao dong tuyén tinh: La dao dong ma phuong trinh vi phan mo ta dao dong la
phuong trinh vi phan tuyén tinh.

- Dao dong phi tuyén: La dao déng ma phuong trinh vi phan mo ta dao dong 1a
phuong trinh vi phan phi tuyén.

§5. BAC TU DO CUA HE DAO PONG
Béc tu do clia hé dao dong 1& s§ cdc tham s& doc lap cén thiét dé xdc dinh diy dd vi
tri clia tat ca cdc khot luong ciia hé khi dao dong.

Trude hét ta xét hé véi cdc khdi lugng tap trung. Trong cdc hé niy ¢é thé bo qua cic
tuc quén tinh cta thanh va chi tinh dén luc quédn tinh phdt sinh do cdc khdi lugng tap
trung. D€ tinh bac tr do, ta ding céc gia thiét sau:

- Coi cac khai lugng tap trung ciia hé 14 cac chit diém.

- Bo qua chiéu dai co din do bién dang uén.



Xét vi du hé cu thé cho & hinh M.5. Hé c6 mot khdi lugng tap trung.

Hinh M.5

Néu khong xét téi gia thiét trén, thi dé xdc dinh vi tri cua khéi luong M cén phii ¢
di 3 tham s6 12 y,, ¥, va @. Vay hé s€ c6 3 bac tr do. Vi céc gia thiét trén, dé x4c dinh
vi tri ctia khéi lugng M thi chi can mot tham s6 1a y (hinh M.5b). Vay hé chi cé mot béc
tu do.

Ta c6 thé xdc dinh s6 bac tu do bang cach: Dat vao cac khoi luong cia hé cic lién ket
loaj mot vira di dé sao cho tat cd cdc khoi lugng cha hé tré thanh bat dong, xem
(hinh M.3hb).

Chii ¥: S6 bac tu do clia hé dao dong cé thé nhéd hon, bang, hoac 16n hon s6 khéi
lugng cua hé. Diéu nay dé dang dugc minh hoa trén hinhk M.6.

r% L A 4 /7§77 g;

a) b) ¢)

Vs

Hinh M.6

"3 hé hinh M.6a s6 bac ty do bang s6 khéi luong tap trung va bing 2. O hé hinh (M.6b)
¢6 mot khéi luong, nhung lai ¢6 2 bac tu do. G hé hinh M.6c ¢6 3 khai luong, nhung chi ¢
2 bac tu do.

Ta xét h¢ thanh véi khéi luong phan bs. O he nay ta khéng dugc phép bo qua luc
qudn tinh cha thanh va nhu vay hé s c6 s6 bac tu do 1a vo cling. Dé tinh todn cdc hé co
khéi luong phan bo, can phai thiét 14p va giai hé phuong trinh vi phan véi cic dao ham
riéng, bai vi trong trudng hop nay luc quéan tinh phu thudce vao ca toa do va ca thdi gian.

So bac tu do cha hé¢ ¢6 thé dugc xem xét trén ¢o & viéc 13 rac hod hé c6 khéi lugng
phan ba lién tuc 1a hé v6 han bac tu do vé hé hitu han bac tur do. Viéc rdi rac hod cé thé
duge ti€n hanh bang cich tap trung khdi lugng, hay chia phén ti.
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§6. CAC PHUGNG PHAP XAY DUNG PHUGNG TRINH CHUYEN PONG

Nhu da biét, nhiém vu co ban cla bai todn dong luc hoc cong trinh 1a xéc dinh su
thay déi clta chuyén vi theo thoi gian clia mot hé da cho dudi tic dung cau tai trong
dong. Céc biéu thifc todn hoc dé xdc dinh céc chuyén vi déng dugc goi I cdc phuong
trinh chuyén déng cua hé. N6 duge biéu thi & dang cdc phuong trinh vi phan, va phan
dnh dic trung dao dong chia hé. Giai cdc phuong trinh chuyén dong dé ta sé xdc dinh
dugce céc ham chuyén vi cdn tim theo thdi gian.

Viéc thiét lap va dua ra duge phuong trinh vi phan chuyén dong cla he ia giai doan
quan trong nhdt trong tat ca sy phén tich dao déng cua bat ki mot hé nao. Phuong trinh
vi phan chuyén dong clia hé c6 thé duge xay dung trén co s& phuong phap tinh hoac dva
trén cic nguyén li bi€n phan nang luong. Duéi day sé€ trinh bay mét s6 phuong phéap sau:

1. Phuong phap tinh déng (phuong phap ap dung nguyén li Palambe)

Phuong phép tinh dong 13 phuong phdp 4p dung nguyén li Dalambe d&i véi bat todn
dong luc hoc cong trinh. N6 dua vao diéu kién xét can bang luc cha phan finh hoc trong
d6 ¢6 bd sung thém céc luc quan tinh dat vao cdc khdi luong.

Nhu vay, trén cd s& nguyén 1i Dalambe, dé tim phuong trinh vi phan chuyén dong ciia
cédc khdi lugng trén hé, ta chi viéc viét cdc phuong trinh can bang luc cha cac khéi luong
c6 ké dén cac luc qudn tinh cha chiing.

Cac luc quan tinh cua cac khoi luong duge viet mot cach téng quat nhu sau:

d*X(1) .
F, =-M P ~MX(t)
d?Y(1) .
F,,=-M - -MY () (M-4)
d? .
‘Iu.q = *J()(u) ((;tuz(t) = —Jn(t)au(t)

Trong do: M - khéi lugng tap trung cua hé;
X(1), Y(t) - chuyén vi tinh tién ctia khéi lugng M theo phuong cla truc x va vy,

a,(t) - chuyén vi xoay cia khéi lugng M quanh truc u 13 truc vudng géc v6i
mat phang xoy; '

F, g Fy g Jugq - cdc luc qudn tinh clia khéi luong M tuong tng véi cdc chuyén vi

tinh tién theo phuong x, y va chuyén vi xoay quanh truc u;

J (u)= Lpﬁ dm - momen qudn tinh clia khot lugng M véi truc u, p, la

khoéang cach tir phan t6 khéi luong dm dén tryc u.
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He phuong trinh chuyén dong viét d6i véi hé phang s& la:
X -IMX(1)=0
LY-ZIMY(1)=0 (M-5)
ZJu -ZMJ(w)a (t)=0
Nhé ring 2 X bao gom khong chi tai trong dong tac dung vao khdi lugng M, ma chifa
ca luc dan héi va luc tat ddn dat vao khoi lugng M d6, tat ca cic lyc chi€u theo phuong
X, XY, 2J, ciing tuong tu nhu vay.
“Pei khi, phuong trinh vi phin chuyén dong clia hé nhan dugc tir viéc tim biéu thitc
chuyén vi clia cdc khéi lugng do cdc tai trong dong, luc tit din va luc quan tinh dat vao

cac khéi lugng gay ra. Lic nidy, ta hiéu rang toan hé dat trang thdi can bing sau khi da
bd sung céac luc can thi€t vao cdc khéi lugng cha he.

Néi chung d6i véi da s6 cac bai todn dong hoc don gian, phuong phdp tinh déng cho
phép thiét lap cdc phuong trinh chuyén dong ciia hé rat thuin tién va don gidn.

Vi du minh hoa cdc phuong phap s&€ dugc trinh bay & chuong 1.

2. Phuong phap st dung nguyén li chuyén vi kha di

Khi so do két cdu cong trinh khd phiic tap, dac biét 1a hé co cic khoi lugng phan bo
va cdc lién két dan héi,... thi phép ghi truc ti€p diéu kién can bang luc cia tit ca cdc luc
tic dung lén hé vdi cic dai lugng vécto 1a rat khé khan. Khi d6 can phai thiét lap phuong
trinh vi phian chuyén dong tir cdc bi€u thic dai lugng vo hudng cha cong hay ning
lugng. Mot phuong phéap hop 1i dugc str dung tién loi 1a phuong phdp dua trén nguyén 1i
chuyén vi kha di. Phil hgp véi nguyén 1i ndy, phuong trinh vi phan chuyén dong ctia hé
dugc xdc dinh tir biéu thuc cong cla tat ca cdc luc trén cdc chuyén vi kha di bang khong.
Dé nhan duge phuong trinh chuyén déng clia hé, ta tién hanh cic budc sau:

- Xdc dinh t4t ca cdc luc dat vao cdc khai lugng clia hé, trong d6 ké ca luc qudn tinh
dugce xac dinh pht hgp véi nguyén li Dalambe;

- Dua vio cdc chuyén vi kha di tuong tng vdi cdc bic tu do clia hé;

- Tinh biéu thic cong cha tit ca cédc luc trén cdc chuyén vi kha di va cho bang khéng.

3. Phuong phap ¢ng dung nguyén li Haminton

Véi cdc hé phirc tap nguoi ta con sir dung phuong phéap ting dung nguyén li bién phan
dong hoc Haminton. Phuong phap nay s& dua ra phuong trinh vi phan chuyén déng tir biéu
thic bién phan céc ham nang lugng clia hé. Nguyén 1f Haminton ¢6 thé biéu thi nhu sau:

j{‘f S(T-U)dt+ jl'lz SRdt =0 (M-6)

Hay: jl‘f S(T-U+R) dt= f:f (8T —8U +8R) dt =0 (M-6')
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Trong d6:
8T, 8U - bién phan ctia dong nang va thé nang cia hé;

SR - bién phan cong do cic lyc khong bao toan tic dung 1én hé gay ra, bao gom
luc can chuyén dong va tai trong ngoai.

Phi hop vdi nguyén li nay, bién phdn cia dong nang, th€ nang cong voi bién phan
clia cong do tai trong ngoai va lyc tat ddn trong khoang thoi gian bat ki tir t; dén t, phai
bang khong. Str dung phuong phép nay cé thé cho phép nhan dugc phuong trinh vi phan
chuyén dong chia bat ki mot hé da cho nao. Phuong phdp nay khic vdi phuong phdp sir
dung nguyén Ii chuyén vi kha di & chd: céc luc quén tinh va lyc dan héi déu khong c6
mat khi thiét lap phuong trinh vi phan chuyén déng, thay vao ching la cdc gid tri dong
nang va thé nang tuong lng. V6t cic hé phic tap sir dung phuong phap nay ciing rat tién
10i, béi vi (M-6) biéu thi cdc dai lugng vo hudng.
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Chuong 1
DAO PONG CUA HE MOT BAC TU DO

§1. XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT HE MOT
BAC TUDO

1. Cac luc tac dong va cac tham s6 co ban cua hé dong hoc

Xét mot mo hinh don gian cho trén (hinh 1.1). H& gém ¢6 mét khéi lugng M chiu tac
dung cla tai trong dong thay ddi theo thdi gian P(t). Hé dugc gan véi vat bat dong béang
mét 16 xo dan hdi khong trong lugng véi do cing k, va mot bo giam chan ¢ biéu thi sy
tiéu hao niang luong trong qua trinh dao dong. Cic con lan dam bao cho khéi luong chi
c6 thé chuyén vi tinh tién theo phuong ngang.

——y Y

M P() Ejg 1,,_ _._..P"m A, — Pt
—
¢ 17T IR

al b)

Hinh 1.1

Cdc tham sé' vdt li co ban cua hé djng hoc cho & hinh 1.1 ciing nhu d6i véi bat ki hé
két cdu dao dong tuyén tinh khdc déu bao gédm: khéi luong clia hé, céc tinh chét dan héi
cta hé nhu do cimng, do mém, ¢6 dic trung tiéu phi nang lugng trong qud trinh dao dong
v cdc nguoén kich dong cling nhu céc tic dung dong bén ngoai.

Trong qué trinh dao déng, hé chiu tdc dong clia cac luc rat da dang. Cac luc tac dong
chi yéu bao gém:

- Tdi trong dong thay ddi theo thdi gian va cac kich dong bén ngoai nhu da xét & phan
mao dau.

- Liec dan hoi:

Lyc dan hoi xudt hién khi hé tach khoi vi tri can béng va c6 xu huéng dua hé vé vi tri
can bang ban diu, luc niy luon luon tuong tng va phu thudc vio chuyén vi dong cia heé.
Ta ki hiéu luc dan hoi la Py

Py=P(y)

Su phuy thudc cha luc dan héi vao chuyén vi dong cha he cé thé [a tuyén tinh hoic phi

tuyén. O cdc hé dao dong dan hdi tuyen tinh, ta c6:

14



P, =Ky (1-1)
Trong d6 y 1a chuyén vi dong clia hé, k 12 hé s& cimg, 1a luc do chuyén vi bang don vi
gy ra tuong (ng véi phuong cia béac tu do.
- Luc ma sat:
Luc nay thudng nguoc chiéu véi chuyén dong va cé kha niang khir dao dong cuia hé,
vi vy ngudi ta con goi lyc nay 1a luc can hay luc tat ddn. C6 hai loai ma sit: ma st
trong (trong vat liéu) va ma sit ngoai (ma sét tai cdc goc tua va luc can clia moi trudng
cia hé dao dong). Ma sat xuat hién rat 16n trong céc cong cu va thiét bi giam chdn dé
khir dao dong. Cic dac trung cua lyc ma sat rit da dang va phitc tap s€ duge xem xét cu
thé & nhimg phén sau. G day mdi chi dua ra m6 hinh can nhdt tuyén tinh; trong d6 luc
can phu thude vao van to¢ dao dong clia hé. Néu ki hiéu luc can 1a P, thi:
P.=Cy (1-2)
trong d6: C - hé s6 tat din;
v - van toc dao dong cuia hé.

Tat ca cdc lyc tidc dung vao khdi lugng duge mo ta trén hinh 1.1b.

2. Xay dung phuong trinh vi phan dao déng téng quat hé mét bac tu do

Phuong trinh vi phan dao dong téng qudt c6 thé duge xdy dung tir mot trong céc
phuong phap da trinh bay & phan m& ddu. Ta khao sat dao dong ctia hé mot khéi lugng
tap trung dat trén ddm don gian. Dim
duoc xem la vat thé dan hoi khéng trong
luong. Khéi lugng chiu tdc dung cua tai
trong irong thay déi theo théi gian P(t)
hinh 1.2, h¢ c¢6 mdot bac ty do, dé la
chuyén vi theo phuong dimg y(t), chuyén
vi nay xac dinh vi tri cua khai lugng M.

Hinh 1.2

a) Phuong phdp finh dong (Phuong
phdp ap dung nguyén li DPalambe )

Khi xét diéu kién can bang luc tinh hoc ctia kh6i lugng, ta bd sung thém luc qudn tinh:
P, = ~My(1) (1-3)
Nhu vay cdc luc dat va khoi lugng bao goém: Tai trong dong Py, luc dan héi Py, luc

can P, va lyc quén tinh P, Trén hinh 1.2 va hinh 1.1b d6i v6i hé & hinh 1.1a da bi€u thi
sur tic dung cua 1at ca cic luc do vao khéi lugng M.

Phuong trinh chuyén déng biéu thi su cin bang luc cla tat ca cdc luc d6 viét theo
(M-3) s€ la:

Py +P.-P =P(1) (1-4)
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Thé céc biéu thic (1-1), (1-2), (1-3) vio (1-4), ta nhan duoc:
M§ +Cy +Ky = P(1) (1-5)
(1-5) 1a phuong trinh vi phin dao dong hé mot bac tu do. Phuong trinh niy cé thé
nhan dugc tlr biéu thite viét dusi dang chuyén vi caa khéi lugng nhu sau:
Néu goi 8, 1a chuyén vi tai khéi lugng do luc don vi bang 1 gay ra, thi chuyén vi
dong tuong ting v4i su dao dong cua hé sé la:
y(1) =6y, P(t) + 8,,P, - &P,

|
Hay: —yU)+P. P =P(t
ay SIIY() . — By =P(1)

Thay: SL =K, P, theo (1-2), Pq theo (1-3) vao biéu thic trén ta s& nhan duoc (1-5)
1

nhu ¢ trén.

b) Phucong phap dp dung nguyén Ii Haminton

D¢ thiét 1ap phuong trinh vi phan dao dong theo nguyén 1i Haminton, ta cdn phai xdc
dinh céc bi€u thitc bién phan cta dong ning, thé nang, cong do luc tat ddn va tai trong
dong. Véi hé 1 béac tu do cho trén hinh 1.1 vi hinh 1.2, biéu thitc déng nang ctia he dé
dang dugc xac dinh boi tich s6 gilta khéi lugng véi binh phuong vén téc:

1, .,
T=_M
2 y
Suy ra: 6T = ﬂEiy = Myoy
dy
Biéu thitc thé nang clta hé dugc biéu thi bdi nang luong bién dang ciia 16 xo dan héi:
1., 2
U=-K
3 Y
U
Suy ra: oU = §—6y = Kydy
dy
Tai trong dong va luc tat dan 1a cic luc khong béao toan clia hé, cong cha cdc luc nay
R =P(t).y -Cyy
Vado do OR =P(1)dy —cydy (c)

Thay céc bién phén (a), (b), (c) vao phuong trinh (M-6) ta c6:
Ji2 (M35 - cydy - Kydy + P()3y] di =0 (1-6)

Lay tich phan timg phan s6 hang d4u tién cha (1-6):
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2 o~ s . 12 .
ff My 8y di = My 8y | — L‘f My Sy dt (1-7)
f]

d(8y)

Trong dé: y = ———=
ng dé i
Phu hop véi nguyén 1 Haminton, s6 hang diu tién & phan phai cha phuong trinh (1-7)

bang khong. bai vi bién phan dy bang khong tai cdc gidi han cha tich phan t; va t,. Vi
vay, thé (1-7) vao (1-6) ta sé dugc:
L?L—My—cy-Ky+PuH6ym:0 (1-8)

Bai vi 8y la tuy y, nén trong trudong hop 1ong quit, phuong trinh (1-8) s thoa min khi
bi¢u thic trong dau ngodc bang khong. Bi€u thiic niy chinh la phuong trinh vi phan
chuyén dong (1-3) da nhan duoc o phuong phép tinh dong.

¢) Phuong phap dp dung nguyén Ii chuyén vi kid di
Khi xay dung phuong trinh vi phan dao dong theo nguyén i chuyén vi kha di ta cho
khoi Jugng mot chuyén vi kha di 8y. Lidc ndy mi trong tat ca cédc luc tic dung vao khoi
luong cho rén hinh 1.1b hoac hinh 1.2 déu thuc hién mot cong tuong Ung vdi chuyén vi
kha di 3y do. Ta c6 thé biéu thi cong tong quat bang phuong trinh sau:
0A =P, .8y -P 8y -P;0y+P(t)dy =0 (1-9)
Trong dé dau am biéu thi luc tdc dung nguoc véi phuong ctia chuyén vi kha di: the
céc biéu thic (I-1), (1-2), (1-3) vao (1-9) 1a duoc:
[- My—-Cy-Ky+P(1)] 8y =0 (1-10)

Vi 8y [a ty ¥, nén biéu thiic trong ngoac phai bing khong, dé chinh 1a biéu thic clia

phuong trinh vi phan chuyén dong (1-5).
d) Phutong trindi vi phén chuyén dong khi xét dén trong luong bdn than ciia khéi hiong

Pl)
M
PN IS S
S 18T e it
- o - ¥t
Pd
PC
G

Hinh 1.3
Khi tinh dén trong luong ban than cua khoi luong. trong phuong trinh (1-4) phai tinh
(1-11)

dén luc trong luc:
G=K.y
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Trong dé: y, 13 do vong tinh - hinh 1.3. Phuong trinh cin bang luc trong trudng hop
nay sé la:
My +Cy+Ky =P()+ G (1-12)
Chuyén vi todn phan y(t) duge biéu thi bing 1ong clia chuyén vi tinh y, do trong
lugng ban than gay ra va chuyén vi dong y(t):

y(t) =y, +¥(t) (1-13)
Dua cic biéu thic (1-11) va (1-13) vio (1-12), sau khi don gian ta dugc:
My +Cy + Ky = P(1) {1-14)

Vi do vong tinh khong thay déi theo thai gian, nén: §, = y(1)va y(t) = y(1), do d6 ta

¢6 thé viét phuong trinh (1-14) nhu sau:
My +C¥(t) =Ky = P(1) (1-15)

So sanh cdc phuong trinh vi phin chuyén dong (1-15) va (1-5) ta thdy rang: cic
phuong trinh vi phan chuyén dong nhan dugc tir dicu kién can bang tinh cta hé dong
hoc khong bi anh hudng bot trong lugng ban than. Lic nay hé s€ dao dong xung quanh
vi tri can bing tinh tmg v6i do vong ban ddu y,. Tir (1-15) ta s&€ tim dugce chuyén vi dong
v(1). Cdc chuyén vi cling nhu itng sudt toan phdn cla hé¢ sé I téng cha cdc thanh phin
tuong ung.

e) Plutong trinh vi phdn clivén dong do suekich dong ciia nén

Su kich dong cia nén do cdc vu dong dit, hoac cdc vu né 16n trong dat gay ra su dao
dong khong thé bo qua duge doi v6i nhi va cong trinh. Dic trung co ban cua tai trong
dong dit la chuyén vi ngang rit I16n ciia nén cling vai gia 16c cta nd. Mo hinh don gian
vé su dao dong clia nhit do tac dung cta chuyén vi & nén cho trén hinh 1.4.

Gia thiet rang thanh ngang cua khung ¢é do ciing bang vo cung, khoi luong cua toan
bo kél cau 1ap trung & thanh ngang M. Chuyén vi ngang cua nén la y_(1) (so v6i mot

truc tinh todn nao dé). sé gay ra su dao dong clia khung bicu thi biang chuyén vi cua khdi

¥
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\ 77T TR L e stssamerd
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lugng M theo phuong ngang. Hé c¢é mét bac tu do 1a y,. Hai thanh ding duoc xem la
khong trong luong va khéng chiu nén doc theo phuong ciia céc thanh. Luc can dan hoi
d6i v6i chuyén vi cia thanh ngang dugc dac trung boi do cling dan héi & méi thanh diing
K/2. Luc cén tit dan duge biéu thi bang bo giam chan C.

Phuong trinh can bang luc cia hé dugc viét tir hinh 1-4b:
Py+P.-P,=0 (1-16)
Chuyén vi toan phan ciia khéi lugng so véi truc tinh todn do kich dong cta nén gay ra
la (xem hinh 1.4a):
vy =¥, (0+y(D) (1-17)

Trong d6 y(t) 1a chuyén vi clia ban than két cau tinh tai vi tri khéi lugng theo phuong
ngang. Nhu vay, luc quén tinh clia khoi lugng s€ fa:

Py =-M(y,(t)+§(1)) (1-18)

Cac luc dan héi va luc can chi lién quan dén chuyén vi y(1) cia hé: P, = Ky(t);
P, = Cy(1). Thay céc luc nay vao (1-16) ta nhin dugc:

My(t)+Cy(t) +Ky(t) + My, () =0 (1-19)

G (1-19), ta xem P, (t)=-M§¥_(t) (1-20)

Nhu tai trong tac dung lén hé va gay ra dao dong cla hé, tai trong nay bang tich cia
khéi lugng véi gia t6c clia nén. Dau am biéu thi (i trong dé nguoc chiéu véi gia toc
clia nén.

Phuong trinh (1-19) dugc viét lai:
My(t)+Cy(t)+ Ky(t) =P, (1) (1-21)
g) Mot s6'thi dy
Thi du I-1 (4p dung nguyeén li Dalambe va 4p dung nguyén li chuyén vi kha di)
Xay dung phuong trinh vi phan dao déng cia hé cho & hinh 1.5.

He la vat cimg ¢4 dang tdm chif nhat, chiéu dai a, chiéu rong b. Hé dugc lién két voi
dat bdi mot khép bat dong va mot lién két thanh dan héi c6 dé ciing 13 K. Hé chiu tdc
dung cua tai trong dong P, theo phuong ngang dat tai géc A ctia tdm.

Cho khdi luong trén mét don vi dién tich cia tdm 13 y, mdé men quan tinh cta tim lay

a? +b?

v4i truc qua tam cua tam: J | = M[ J, trong d6 M la khoi lugng chia tdm, M = yab.

Khi bién dé dao dong khong 16n, chuyén dong ciia hé nay c6 thé dugc dac tnmg bai
mot chuyén vi ngang tai diém A 1a diém dat tai trong déng: Z(t), nghia Ja, hé nay cé mot
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bac tu do. (Dat mot lién két loai 1 vao A 1a hé khong chuyén dong dugc). Nhu vay, tit ca
céc luc tac dung lén hé déu duoc biéu thi qua chuyén vi Z(t) d6.

Luc dan héi dat tai lien két dan héi & goi B:
Pd=K.f=K.(b.tga)=K-EZ(t) (a)
a

Luc quan tinh cia khoi luong theo phuong ngang va phuong diing tinh tai diém giita
két cau:

z 1 ..
pql = —M% = HE {(yab) Z(t) (b)
P = -MX(U = ~(yab) = 20) = =3 (1) 20 ©

Luc quan tinh mémen (ing v&i chuyén vi xoay):

s 2 s
. a“+b° Z(t)
q 01 {Ya T " ] (d)
b z(!)J
F———
: T~ P(t)
) /

B

‘ B

=

p,

Cdch thit nhdt: Ap dung nguyén 1i chuyén vi kha di:

Hinh 1.5

Ta cho khoi lugng moét vi kha di 8y wrong img véi bac tu do cua hé. Tinh cong kha di
chia tat ¢ca céc luc trén cac chuyén vi kha di tuong iing; phi hop véi phuong trinh (1-10),

ta ¢o:
b oz b oz
- Pd(EBZ]‘i‘ Pq] [E—J+ qu [2—62J + Jq (;)4— P([)SZ =0 (e)

a
Thay cac Iuc dai hdi va huc quan tinh theo (a), (b), (c), (d) vao (e), ta duoc:
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2 2 2
{yab {é(%n)u—zﬁﬂ y(t)+Kl:—2—y(t)—P(t)} §z=0 (f)

a
< yab b?
Dat M* = —3° [az IJ
. b?
K'=— K (g)
a
P’ (t)=P(1)

Ta viét lai (f) nhur sau;
{ M'Z()+K Z(1) - P*(t)} 620
Vi 8y tly ¥, nén biéu thiic trong ngodc phai biang khong, tir d6 ta nhan dugc phuong
trinh vi phan dao dong ciia hé:
M Z()+K Z(1) =P Z(1) (1-22)
Cdch thit hai: Ap dung phuong phép tinh dong

Ta viét diéu kién can bang luc khi 14y tdng moémen cua it ca céc luc déi véi diém C
cua hé: 2M_ =0tacé:

P,.b-P,, -%—P b

w5~ Ja = P02 (h)

Thay cac luc quén tinh va luc dan héi theo (a), (b), (c), (d) vio (h), ta dugc:

1{b? 1 b |5 b?
ab | — | —=+1|+—+— [ Z(t)+ K— Z(1)=P(t i
¥ Lz[az J 4 4a2} (t) 2 (t)y=P(t) (1)

Phuong trinh nay chinh 1a phén trong ngodc cua biéu thirc (f) cla phuong phap dp
dung nguyén li chuyén vi kha di & trén. Nhu vay, phuong trinh vi phan dao dong cua hé
hoan toan triilng voi két qua & phuong trinh (1-22)

Thi du 1.2: (4p dung nguyén li Haminton) khéi lugng phan bo.

Xay dung phuong trinh vi phin dao dong cua ¢t thap hinh 1-6. Cot thdp 13 hé dan
hoi ién tuc cé d¢ cling udn EJ(x) va khoi lugng phan bé trén mét don vi dai 1& m(x).
Thap chiu tic dung ciia dong ddt véi chuyén vi ciia nén la y,(t) va tai trong theo phuong
ding dat tai dinh thap N.

Pay 1a hé cé khéi luong phan bo, nén hé s€ ¢ vo sd bic tu do. Néu hé ¢6 1 bac ty do
vOi mot khoi lugng tap trung chiu tic dung cia dong dat, thi viéc thiét lap phuong trinh
vi phan chuyén dong 1a tvong déi don gian nhu da trinh bay & muc 4. Nhmg & day, vé6i
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hé dan hoi lién tue ¢d vo 56 bac tu do, ta cling ¢6 thé tinh gan ding hé nhu he mot bac e
do vGi gia thiét ring: Trong qud trinh chuyén dong clia hé, hé chi bién dang theo mét
dang uon duy nhat.

Gia str ham do vong ng vdi chuyén vi theo phuong
ngang 1a ¢(x). va bién do dao dong cla hé & dang
tong quat Z() la chuyén vi tai dinh thdp. Nhu vay

y(X,U) = o(X) . Z(1) (1-23)

O vi du nay ta s€ dp dung phuong phip Haminton
dé xay dung phuong trinh vi phan dao dong cua hé.
Ta s¢ lan luot xdc dinh cic dong nang va thé nang ¢6
trong hé. Dong nang cua cot thap dé dang viét dugc:

Pl N 2
T= ()Em(x)[y(x.l)] dx (1-24)
Th¢ ning bién dang uon bang:
| :
U= EEj(x)[y"(x,t)]zdx (1-25)
52 t
Trong do:  y"(x.0) = _c_y(?_) Hinh 1.6

X

Pé xic dinh thé nang gdy ra do luc doc truc thap N, ta can phai tinh dén thanh phin
chuyén vi theo phuong dimg tai dinh thap e(t). Khi chiu bién dang uén y(x, t) thanh phén
nay dugc tinh trén cd chiéu dai cta cot thap:

l o
e()=> fo [y’ (DT dx
Do d6. thé nang tng véi tai trong N sé [a:
, N
UN) = =N.e()=-— i [y(x,0]%dx (1-26)

Trong do, diu trir bicu thi vice giam the ning cia luc N khi tang chuyén vi ¢,,.

O hé da cho khong ¢ cic lyc khong bao 1oan (luc can, tai trong dong). nén dp dung
nguyén li Haminton (M-5) trong trudng hop nay sé don gian hon:

L‘f S(T-U)dt=0

The (1-24), (1-25). (1-26) vdo phuong trinh 1rén, sau khi xdc dinh cdc bién phéan ta
s€ dugc:

Lllz [L:m(x)y‘ (x, 08 y" (x,1)dx — LlEJ(x)y”(x.l) Sy"dx+N_[[iy'(x,l)8y'dxj dt=0 (1-27)

I~
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Tinh dén cac quan hé:
Voo =V H9n ¥ =0 2y = @'z, y' =9z, y = ¢z
&y' =8y ; dy"'= "5z ; B8y'= @'dz; 8y = @dz
va thay ching vao phuong trinh (1-27) ta s& dugc:

[ [ZEBZ I(; m(x)¢’dx +8ZY,, (1) J'(: m(x)pdx — Z8z j‘; EJ(x)(¢p")dx +

|

+NZ87. [} (9" dx | de=0 (1-28)

Tich phan theo timg phan doi vdi hai thanh phin diu tién chia phuong trinh (1-28) ta
sé di dén:

2 'z + &’ -K*G)Z—Ph*m]s Zdt =0 (1-29)
Trong dé:

m" = j'(ll m(x)¢dx - khéi lugng tdng quat;

K" = L: EJ(x)}(¢")*dx - do cimg téng quat; | (1-30)

K = Nﬂ (¢")?dx - 46 ciing hinh hoc téng quét;

P; (x)=-yr (x)j(; m(x)@dx - tai trong hiéu dung téng quat.

Néu ki hiew: K =K' -K{ - do cing tdng quét tdng cong, thi phuong trinh
(1-29) s€ Ia:

[2mZ K Z-Pw] 8 zdt=0

Vi bién phan 8 Z 1a tuy ¥ nén biéu thifc trong ngoac clia phuong trinh trén phai bang
khong, ta s€ nhan dugc:

m Z()+K Z(t) = P, (1) (1-31)

(1-31) chinh l1a phuong trinh vi phan dao dong cia hé da cho.

Cic phuong trinh (1-31), (1-22) 14 phuong trinh vi phéan chuyén dong cta hé mot bac
ty do phic tap, trong dé Z(t), dugc goi la toa do téng quat duy nhét, né dac trung cho
chuyén dong cia hé mot bac ty do. Cic tham s6 ¢6 ki hiéu ddu hoa thi goi 1a tham s&
tong qudt ctia he mot bac tr do twong ng véi toa do téng quat Z(1). D6 Ia cic tham s6
vat i doi vai cac hé phirc tap nhu hé ¢6 cic phan ciing, hé c¢6 khéi lugng va d6 cimg dan
héi phan bg.
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§2. DAO PONG TU DO HE 1 BAC TU DO KHONG XET DEN ANH HUGNG CUA

LUC CAN

Xét hé mot bac wr do cho ¢ hinh 1.7. Néu
tach hé dan hoi nay ra khoi vi tri can bang véi - TVB
chuyén vi ban ddu cia khéi luong y,, hoac tic o ,_:d——:_’:f - Ty,
dong 1én hé mot xung luc nao d6 dic trung boi T T .M
t6c do ban ddu cia khéi luong v,, thi khoi Tl
lugng sé dao dong. Cac dao dong chi sinh ra Te

do cac kich dong ban dau nhu vay dugc goi la
dao dong tu do. Cic dao dong nay dugc thuc
hién bdi cdc luc dan héi phét sinh trong hé do cac kich dong ban dau. Véi cac dao dong
tu do, tai trong khong ton tai trong qud trinh dao dong cua hé, vi vay vé phai cua phuong
trinh vi phan dao déng tong quat hé mot bac ty do (1-5) biang khong. Phuong trinh vi
phan dao dong wr do trong trudng hop nay ¢6 dang:

Hinh 1.7

My+cy+Ky=0 (1-32)
Khi khéng xét 161 anh huong cia luc can ¢ = 0, phuong trinh vi phan dao dong do sé la:
My +Ky=0 (1-33)

Phuong trinh (1-33) la phuong trinh vi phan cip hai khong ¢6 vé phai va cé hé s6
hang s6. D€ giai phuong trinh vi phan nay, ta sit dung phép thé Ole vé6i nghiém:

y(1) = De* (1-34)
Thé biéu thic nay vao phuong trinh (1-33) ta sé duoc:
(MS? +K)De™ =0 (1-35)
Dua vao ki hiéu:
: K
2 _ -
® = v (1-36)

Ta viét lai phuong trinh (1-35):

(S + w’) De™ =0
e* = 0 véi t bat ki, do dé: §* + @’ = 0, ta suy ra:

S=+v-w® =+ oi (1-37)
Trong 461 =+/—1 - don vi do.

Phii hop véi biéu thiic (1-37), ta s& nhéan duoc 2 gié tri S| =1 va S, = -iw. Nghiém
téng quét clia phuong trinh vi phan cdp hai (1-33) dac trung béng (1-34) s& phai phu
thudc vao hai hang s6 tiy ¥:

y) =D, e + D, e (1-38)
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Thé cac gid tri S, va S, vio (1-38) ta s€ duogc:
y) =D, " + D, ™ (1-39)
Phuong trinh (1-39) ¢é thé biéu thi & dang ham luong gidc thuan lgi hon bing cdch sk
dung phuong trinh Ole:

T < cosemt + isinot (1-40)

The (1-40) vao (1-39) ta duoc:
y(t)=(D; + D, )coswt+ (D, - D, )i coswt (1-41)
y(1) =~ (D, + D,)wsinot + (D, - D, Yin cos ot (1-42)

Cdc hang s6 D, va D, dugc xdc dinh tir diéu kién ban diu: tai t = 0 ¢é:
y(o):yn’ }'/(0)=VU (1_43)
Dua diéu kién ban dau (1-43) vao (1-41) va (1-42) ta duoc:
Dy +D, =y, . D:‘Dzz& (1-44)
1w
The (1-44) vao (1-41) ta nhan duge phuong trinh dao dong tu do ctia hé mot bac ty do:

yih=y, cosu)t+v-°sinc)l (1-45)
©

Ta ¢6 thé viet gon hon phuong trinh dao dong (1-45) & dang mot ham luong gidgc nhu
sau, ta dua vao cac ki hiéu méi A va y, vdi:

Y, =Asiny
1-46
Yo Acosy ( )
)
Lic nay (1-45) s€ ¢é dang:
y(1) = Asin{ot + ) ):‘L
Vi V(1) =¥(1) = Amrcos(ot +y (1-47)
Trong dé A va y duge xac dinh (i (1-46):
v Y
A=y +($J Ly = arcig 0 (1-48)
Néu ki hiéu:
y, =Acost}
' 1-49
Yo _ Asin® ( )
0
Thi (1-43) s¢ c6 dang:
y(1) = Acos(wt - 8) (1-50)
Trong dé: 6= arclgi . (1-51)
wy,
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Dudi day sé dua ra phuong trinh dao dong déi véi cdc trudng hop khéc nhau ciia diéu

kién kich dong ban dau:

- He chi chiu chuyén vi ban ddu: y(0) = y,, v(0) = 0.

Thay diéu kién ban ddu nay vao (1-51) va (1-48) ta s€ nhan dugc 6 =0 va A =y, Do
dé6 phuong trinh dao doéng trong trudng hgp nay viét theo (1-50) s€ la:

y(t) = y, coswt

- Hé chi chiu tdc do ban dau: v(o) = v, y(0) =0.

(1-52)

Thay diéu kién ban ddu ndy vao (1-48) ta s& nhan dugc y= 0 va A = -2 Do dé,
[0}

phuong trinh dac dong trong trudng hop nay viét theo (1-47) s€ la:

vV, .
y(t) =—Lsinomt
®

} y(t}

(1-53)

T~_lh=yoosat N 7
el 1

v, inel
() y() =g S

“Y(l)

. AT TR S TS s
I Yo RN RS
ﬂ =TT yo‘ A E {
/ Tl A | A
T |
—————— rkf—l——f——* *_——_:‘—_._—__ —_— —— -
ty =6/ T = 2nfo
Hinh 1.8

- Hé chiu ca chuyén vi ban ddu va 16i t6c do ban dau: y(o) = y,, V(0) = v,. Liic ndy
phuong trinh dao dong nhu da ghi ¢ trén (1-47) hoac (1-50), trong d6, A, ¥, 0 duoc xac
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dinh theo (1-48) va (1-51). Ta ciing dé thay ring: trudng hop nay la t6 hop cla hai
trudng hop trén. Diéu dé dugc thé hién & phuong trinh dao dong viét theo (1-45).

v, .
y(t) =y, cosot +—sin ot
®

Trong d6: (1-52) va (1-53) 1a hai dao dong thanh phan phut hgp véi hai s6 hang & vé
phai cia phuong trinh (1-45).

DPudng biéu dién chuyén déng cua khéi lugng M theo thoi gian twong ng véi cdc
trudng hop trén dugc mo ta 1an lugt trén hinh 1.8a, b, c¢. Ching la cidc dao dong diéu hoa
don gian.

Ngudi ta con biéu thi dao dong tu do cha khéi lugng M & dang véc to quay cho trén
hinh 1.9. Chuyén dong clia khéi lugng duge xdc dinh bang phin thuc cta hai véc to

quay y, va (v_o) hay bang hinh chiéu cha chiing lén phuong ngang. Bién do dao dong
o

2
1a do dai cta véc to hop cda hai véc to dé: A = |y’ +(v—°] :
©
Chuyén dong clta khéi luong M thuc hién dao dong diéu hoa don gian con ¢6 thé biéu
thi dugc bang mot dudng cong trong hé toa do y,, va v, Tir phuong trinh dao dong
(1-33) va phuong trinh van téc.
V(1) = v cosmt

Ta s& dé dang di dén phuong trinh sau:

(1-54)

. 4t

wt ¥ A N N -
A N mymax :

VO e T
("fﬁ) i [ ! Ymax
Hinh 1.9 Hinh 1.10

Pudng cong thdoa man phuong trinh nay chinh 13 dudng elip mota trén hinh 1.10.
Pudng cong d6 goi 1a quy dao pha, mat phang chifa dudng cong niy goi la mat phang
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pha. Trong cic phuong trinh dao dong tu do (1-47), (1-50), A nhur da bict 1a bién do dao
dong, con y hoac 0 goi 1a do léch pha. D6 chinh la céc géc léch cia vécto dao dong toan

phin A vdi cic véc to dao dong thanh phén (%’] va ¥, . Dai luong o la tdn s6 vong

cua dao dong.
Dudi day ta s& xét chu ki va tdn s& cha dao dong di€u hoa.

- Chu ki dao dong: ki hiéu 1a T, Ia thdi gian cén thiét dé thuc hién mét dao dong toan
phén, nghia 1a: chu ki 12 th&i gian d€ kh6i lugng 1ap lai qud trinh dao déng nhur trude. Dé
thdy rang:

2
T="" (5 (1-55)
®
- Tan $6 dao dong: ki hiéu la f
La s8 1an dao dong trong mdt gidy:
1 o
f=—=— (1 1-56
T 7m (1/s) (1-56)

- Tan s6 vong, hay tdn s6 dao dong riéng: ki hiéu 12 o.
. 1 W s e1s A
Tir (1-55) ta suy ra: o = T -2m, nghia la: © 1a s6 1an dao dong trong 27 gidy, vi vy
® goi la tdn 6 vong hay tdn s6 tudn hoan cia dao dong riéng va goi 1dt la tdn s6 dao
dong riéng.
Cong thic xdc dinh tan s6 dao dong riéng:

Tir (1-36) va bién ddi cong thitc nay ta dé dang ¢6 dugc cac cong thic xdc dinh tin s6

dao dong riéng
K 1 g
U)=1J—=1’— =1/— (1-57)
M M.§,, Y,

Trong d6: K - hé s6 cting cla hé;
g - gia toc trong trudng;
v, - chuyén vi ctia khéi lugng M do lve G = M.g tdc dung tinh tai vi tri kh6i
luong gay ra.

Tit cong thitc (1-57) ta thiy ring: Tén s6 dao dong riéng cta hé khong phu thude vio
céc kich dong ban ddu, né chi phu thudc vao khoi lugng va do ciimg cua hé.

C6 thé xdc dinh tin sé dao dong riéng cia hé dan héi bit ki theo phuong phdp nang
luong. Phuong phdp nay dua trén dinh luat bao toan nang luong: Trong qué trinh dao
dong téng dong nang va thé nang cha hé 1a mot dai lugng khong ddi:

T+ U=C=const (1-58)
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Biéu thic tinh dong nang cha hé:

1 |

T= EMy2 =§Mm2 v, cos?(ot+7) (1-59)
Trong dé:
2
—A - (v2alYe
Ymdx —A_ yu +( (D]
Theé nang cua hé:
U= %Kyz = —;-Kyfm.sinz(mt +7) (1-60)

Tu (1-59) va (1-60) ta thay: Trong qua trinh dao dong clia hé, khi thé nang bién dang
cta hé dat gia tri 16n nhat thi dong nang cla hé bang khong, va ngugce lai déng ning cla
hé dat gia tri 16n nhdt, thi th€ nang cha hé bang khéng. Do dé, phit hop véi biéu thifc
(1-58) ta co:

Trax +0=C
Va 0+U_,,=C
Hay: Trax = Umax (1-61)
Dé thdy tir biéu thic (1-60):
1, |
Umax ZEKymax (1-62)
Tir biéu thitc (1-59), ta dat:
T= %Myﬁm cos’(wt+y) ; Tacé T, :% My?2 (1-63)
Do do:
Tmax = szmax
Thé biéu thitc trén vao biéu thifc (1-61) ta duoc:
U
m= [T 1-64
T (1-64)

Trong d6 U, ducc xdc dinh theo (1-62), T,,, dugc xéc dinh theo (1-63).

Daoi véi hé ¢6 khai lugng phan bé, dang dao dong xdy ra phit hgp véi dudng dan hdi
X{(x), ta c6 cdc cong thic xdc dinh dong nang 16n nhat va thé nang 16n nhat nhur sau:

U, =%Z {EJ, [X;’x)de (1-65)

-1
Towx =25 [[m, X2 dx (1-66)

Dau tong X la ldy véi tat ca cdc thanh trong hé.
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Thidul.3:

Xac dinh tan s6 dao dong riéng cla hé cho trén hinh 1.11a. Hé gom khoi luong tap
trung M dat tai gitta dam.

Trudc hét ta xdc dinh chuyén vi do luc don vi dat tai khoi luong theo phuong dao
dong ciia hé (hinh 1.11b). DE dang xéc dinh dugc:

&
o1 = 28E7
Thé §,, vao (1-57) ta nhan duge biéu thic xdc dinh tin s6 dao dong riéng:

m_\} 1 [48E]
Ms,, M.*

12 2 ’;3”

| . i
Hinh 1.11 ! P=1 E
M, HI[”] m]]]]
Thi du 1.4: td

X4c dinh tan s6 dao dong riéng cia hé cho trén hinh 1.12a, d6 cing cta lién két dan
héi la K.
Cdch thit nhdt

Xdc dinh tidn s6 dao dong riéng theo cong thic (1-57): Hé nay ¢é hai khéi lugng
nhung chi ¢é mét bac tu do. Tham s6 dac tnmg cho dao dong clia hé ¢6 thé chon 1a géc
xoay tuong déi tai goi tua bén
phii «, d6 chinh 1a chuyén vi M, - El=w W,
tong quadt cha he. ) A ° 3:5

bé xdc dinh §;, trong trudng j”K
hop nay, phti hop véi chuyén vi 12 2
16ng quat cla hé ta cin dat vao
g0l tva B mot moé men don vi
M =1 ¢hinh 1.12c). M6 men nay b}

gay ra phan luc tai g6i A bang %

phan luc tai gdi A tuong (mg tao
nén chuyén dich thang theo ¢

phuong ding tai goi la l:l Do

d6, chuyén vi don vi:

o) = ) Hinh 1.12
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Momen quan tinh khéi hugng trong trudong hop nay duge tinh nhu sau:

2 2
), (w)= Ml(%l) +M2(~;~J = 12[%M1 +%M2J

Cudi cung phii hop vdi (1-57) ta cé:

w:/1 ~ K _2( K
I8, [9M‘+?}M2] oM, +M,

4

Cdch thir 2.

Xdc dinh tan s6 dao dong riéng theo cong thiic (1-64):

Trong trudng hop t6ng qudt, néu hé gém mot s6 khai luong tap trung va mot s6 cic
lién két dan hoi thi U, va T_,, duge xdc dinh nhu sau:

1o _
Umax =5 ZKiYiz'max : 1:1,2,...,m
i=1

2
m: S6 lién két dan héi

T 1

max :E

M Vimx: k=12,...0

[]s

k

1
n: 86 khoi lugng tip trung

Chuyén vi cla céc khi luong dugc bidu thi qua chuyén vi tai vi tri lién két dan hoi
cho trén hinh 1.12b.

Ta co:

= 1, 1 (3 Y 1Y
T, = - = — - _
max p) lélekYkmax ) Ml(z y] + MZ(Z y]

Thay cac gia tri nay vao (1-64):
3 U_ K

max .
m = — =

Tmax [ng +1M2)
4 4

Két qua nay hoan toan trung véi két qua cla céach tinh trén.

Khi ké dén anh huéng cha trong lugng ban than phuong trinh vi phan dao dong tr do
(1-33) duoc bd sung thém trong luong ban than G:

My +Ky = G (1-67)

Tir do ta cé: y+(}5y=%
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Nghiém ctia phuong trinh vi phan ndy dugc bi¢u thi & dang (1-13)
yy =y, +y(t)
Trong d6 ¥(t) 12 nghiém téng qudt cta phuong trinh thudn nhét, con yt la nghiém
riéng chia phuong trinh khong thuan nhat. Nghiém tdng quét duge xdc dinh theo (1-47):
y(t)= Asin{wt + y)

Nghiém riéng chinh 13 chuyén vi tinh do trong lugng ban than khéi lugng gay ra.
Diéu nay dé dang thay dugc, béi vi, ta c6 thé xem nghiém riéng bang hing sé C. Thé gid
tri ndy vao phuong trinh vi phén (1-67) ta nhan duoc:

G
M.’

Viy phuong trinh dao dong tu do khi ké dén trong lugng ban than ¢6 dang:

C=

=G.6y, =Y,

y(t) = A sin(wt+7y)+Yy, (1-68)

Hinh 1.13

Nghia Ia, khi tinh dén trong luong ban than, dao dong clia hé sé xay ra xung quanh vi
tri can bang finh.

Trén hinh 1.13 mo ta dao dong clia hé khi ké dén anh hudng ciha trong luong ban than
vdi truong hop su kich dong ban dau: y(o) =y,, v(o) = 0.

§3. DAO PONG TU DO HE 1 BAC TU DO CO XET PEN ANH HUGNG CUA
LUC CAN

Bit ki mot qua trinh chuyén dong ndo clia hé dan héi trong thuc t¢ déu chiu anh
hudng cha lyc can. Luc can xudt hién do nhiéu nguyén nhan khac nhau va anh hudng
cua chiing dén cdc qud trinh dao dong rat phitc tap. Trong tinh todn dao dong ké dén tic
dung cla luc can, ¢ nhiéu tic gia dua ra cac gia thiét khdc nhau vé luc cén. Cic gia
thiét nay phu hop vdi nhiing diéu kién thuc € nhat dinh va cho phép dam bao do chinh
xdc cla cac két qua tinh todn. O day chi dua ra mot s6 gia thiét co ban nhu gia thist luc
can ti 1& véi van téc chuyén dong clia Phoi, gid thiét luc can ma sat kho cha Culdng, gia
thiét vé luc can trong phi dan héi clia Xorokin: Trude hét ta s& nghién ciu dao déng tu
do chiu anh hudng cua lyc can.
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1. Dao déng tir do ké dén anh huéng ciia luc can theo gia thiét cua Phoi

Gid thiét ciia Phoi xem ring: luc cdn cdc qud trinh chuyén dong ti 1¢ véi van toc
chuyén dong. Nhu di trinh bay & phan ddu chuong nay, cong thiic (1-2) xdc dinh luc can
theo gia thiét cua Phoi:

P, =cy (1-69)
Phix hop véi gia thiét nay phuong trinh vi phan dao dong tu do dugc mé ta theo (1-32)
My+cy+Ky=0 (1-70)
Pé giai phuong trinh vi phan nay, la st dung phép thé€ Ole:
y(t) = D.e" (1-71)
(Ms? +cs +K) D =0 (1-72)
Sau khi chia cho MDe", phurong trinh (1-72) cé dang:
52+—I\%s+m2 =0 (1-73)
Dit: 2a = ﬁ (1-74)
Thi (1-73) duoc viét lai:
s +2as+w’ =0 (1-75)

Nghiém cta phuong trinh dac trung nay la:

Sp=-ax va -’ “—‘+\/ 2M (1-76)

Nhu vay gid tri S phu thugce vao rat nhiéu vao hé sé tit dan ¢, do dé dang dao dong tat
din duge biéu thi bang phuong trinh (1-71) s& phu thudc vao hé s6 tit din ciia hé. Cong
thitc (1-76) xdc dinh gid tri S phu thuoc vao dau cha biéu thifc trong cin s& cho ta ba
dang chuyén dong ctia hé khi xét dén anh hudng ctla luc can, diéu d6 tuong img véi biéu
thic trong can cd gid tri duong, am hay bang khong.

Dé thudn tién cho viéc nghién ciu, ta xét trudng hop gidi han 1a trudng hop biéu thic

trong can cila (1-76) bing khong, khi dé: 2—;7[- =, (tic 1a o = ®)

He sé ¢ ung vdi trudng hop gidi han nay goi 12 dai luong tdr ddn 16i han va ki hiéu 13
c*, ta co:
c* =2Ma (1-77)
D¢ dé khao sit dao dong tat dan khi xét dén anh hudng cua luc can, ta biéu thi sir tit
din cua dao dong bang quan hé ti s6 giita hé s6 ¢ vdi dai luong (4t ddn tdi han c*.
C

C
"To* T 2Mo (178
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& ditoc goi la tham s6 tdt ddn. Khi € = 0 1 trudng hgp khong xét dén luc can; € = 1

timg v6i trudmg hop gidi han; & < 1 nghia la: ﬁ <o,(0 < ®) dng véi trudng hop bidu

thifc trong can ctia (1-76) mang ddu am, trudng hop nay 1a truong hop luc can nhd; € > 1
tuong Ung ﬁ > ; (¢ > w)la trudng hop bi€u thic trong cin mang dau duong, va
trudng hop nay 1a trudng hop luc cén 16n. Dudi diy ta s€ lan lugt khdo sdt cdc trudng
hop dé. '

a) Tricomg hop hiee can nhé (¢ <1)
Thé biéu thitc (1-78) vao (1-76) ta duoc:

S=-we £ J(0eg)? —0°

Khie < 1taco:

S=-wetow, (1-79
Trong dé: ®, = ovl-g? (1-80)

o, duge goi 1a tan s6 dao dong tu do khi tinh dén luc can. Tir (1-80) ta bién ddi va
nhén dugc phuong trinh sau:
2
(‘”“] +e? =1 (1-81)

w

Biéu thic (1-81) cho ta su phu thude clia quan
hé céc tan s6 dao dong rieng tinh dén va khong 2

I - Z < ('0 ) 2" g = ~
tinh dén su tat dan (—‘] vdi tham s6 tat dan e. e
o

Biéu dé mo ta phuong trinh (1-81) 1 vong trdn ¢6
bén kinh bang don vi cho trén hinh 1.14.

Doi véi cdc két cadu xay dung thong thudng,
tham s0 tat dan: € < 20% do d6 su khic biét giita 2 1
tdn s6 dao dong riéng khi tinh dén va khéng tinh Hinh 1.14
dén luc can 1a khong ddng keé.

The (1-79) vao (1-71) ta nhan dugc phuong trinh dao dong tu do khi xét t6i anh hudng
cla luc can:

y([) - Dle(*wmimc)l +Dze(—me—iwc)l — e—(DB[ (D] eim‘_‘l +Dze—i(xjc1 ) (1-82)

Biéu thifc trong ngoic cha (1-82) biéu thi dao dong diéu hoa don gian tuong tu nhu
(1-38). Ta c6 the viét phuong trinh nay & dang ham luong gidc:

y(t)=¢ " (Bsino t +Ccosw,t) (1-82)
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Cic hang s6 tich phan B va C dugc xdc dinh tir diéu kién ban dau:
Tai: t=0, y(o}=y, ¥(0)=v, (1-83)

Biéu thitc van téc ciia chuyén dong:

v(1) = y(1) = —oey(t) + e .0 (-Csinw .t + Beosw 1) (1-84)
Dua (1-83) vao (1-82) va (1-84), ta s€ duoc:
v, +ogy,
C=y._, B=_—0o_ —“Ja
Ya o,
Viy:
y(1) = a 08t [v"—t;)—sl‘l sino t+ yo.cosmct} (1-85)
Tuong ty nhu & §2. Ta cd thé viét biéu thic (1-83) & dang véc Lo quay:
y(U) = Ae™ sin(w t+7v,) (1-86)
Trong dé:
2
A =\/y2 +[vo +cosy0)
@ (1-87)
Yc = arctg__my(’*
VU +G)8y(i

Tir biéu thace (1-85), hoac (1-86) ta thay dao dong ¢6 luc can la dao dong tit dan
Trén hinh 1.15 mo ta chuyén dong cla khéi luong M theo thai gian cla hé ¢6 luc can
phit hgp véi biéu thice (1-86). Chu ki clia dao déng ¢é luc can la:

T, - 21'c 271 (1-88)
)

(1-89)

. oVl
Tan s6 dao dong:
\/_

1 ovl-g?
f=—="TF (1
¢TI U

i
)f(t)1 t) A sin{w t+7)

P b}"

Hinh 1.15
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Ki hiéu bén dudi khéi lugng & hinh 1.15a 1a ki hiéu quy ude déi véi hé dao déng cé
luc can phut hgp véi gia thiét Phoi.
Qua dé thi hinh 1.15b ta thdy dao dong tu do c6 xét dén anh hudng cua luc can la dao

> . . S s v o n S ~ - N
dong diéu hoa, nhung bién d6 giam dan theo thoi gian véi quy ludt s6 mi am A.e “ va

no tiém cin din dén khong. .

Ban chat clia tham s6 tit ddn déi véi cdc he két cau xay dung thong thudng rat phirc
tap. va viéc xdc dinh né khong don gian. Tuy nhién, ta c6 thé biéu thi sy tat din dao
dong cua cdc hé thitc dudi dang cdc hé s6 tuong duong, cdc hé s6 nay sé xdc dinh 16 do
tat dan ctia céc bién do dao dong. Mudn vay, ta xét ti 6 giita hai bién do mang gid tri
duong cdch nhau moét chu ki T¢ trén hinh 1.15by, vay, ..

L]

Yo _ BT 1-90
Yo+ - Ae—mE(HT‘:] ( ) )
Tir (1-90) ta suy ra:
5= = 2ng -2 (1-91)
Yn+l (Dc

8 1a heé 3 biéu thi toc do tit dan va duoc goi 13 d6 suy gidm 16 ga. Tinh dén (1-80), ta ¢6:

5= 2me (1_92)
Vi-¢?
Khi lyc cén nho, ta ¢6 thé tinh gin ding (1-92) nhu sau:
O~ 2ne (1-93)
Tir (1-93) ta dé dang nhan duge:
&
=2 1-04
¢ 2n ( )

Véi su gan ding cha do suy giam 16 ga xdc dinh theo (1-93), ta ¢6 thé biéu thi quan
hé (1-90) & dang chuobi sau:

o Z 68 v e oy e+
yn-i—l

Khi cdc gid tri tham 6 tat ddn 12 nho ta chi can giit lai hai s6 hang ddu cua chudi trén
van cé thé ddm bao do chinh xdc. Khi dé ta nhan dugc:

(2ne)’
n

— Yo = ¥na
21y 4
Trén hinh 1.16 biéu thi quan hé cia ti s6 giita tham s& 14t ddn chinh xac theo cong

thic (1-91) va tham s& tat dan gan ding theo cong thic (1-95) véi tham s6 tat ddn gin

diing. Tir biéu d6 nay ta c6 thé sa duge két qua tinh gin ding theo (1-95).

£ (1-95)
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Tham s6 tit ddn c6 mot ¥ nghia quan trong, vi thong qua gid tri cia né duge xic dinh

bang thuc nghiém ta s& tim duoc hé s6 tit dan C.
Thi du I-5:

Xéc dinh cic dac tnmg dong hoc va bién do dao dong sau 5 chu ki cua hé tat dan cho
6 hinh 1.17. Khoi lugng M chiu tdc dung cha luc kich dong P, sau dé bé di mét cach tic
thoi. Trong thai gian duy tri tai trong voi P = 90kN chuyén vi clia khéi lugng dat duge
0.5cm. Khi tai trong mat di dot ngot, chuyén vi cuc dai déu tién clia khoi lugng bang

0,4cm. Thdi gian cha chu ki déi vé6i hai chuyén vi nay T = 1,3 gidy.
Eox

0.75

AR

05

0,05 0,1 0,15  02%g

Hinh 1.16 Hinh 1.17

Day la dao dong tr do ¢6 tinh dén anh hudng cia luc can. Céc dic trung dong hoc clia
hé bao gom: khéi luong, tinh chat dan héi, tn s6 dao dong, tham s6 tit ddn va hé s6 tit dan.

- Xac dinh khai lugng cua hé:

Tir biéu thitc chu ki dao déng T= 20)—7{ =2 1}% , la suy ra:

2 2 2
M=| =] K= 1’3] 20 _gq| M
2n 2n) 0,5 cm

- Tan s6 dao dong riéng:

© = ZT_" _ 2’3‘ — 4833 (rad/s)

+

- Xdc dinh tham s6 tat din:
A e ) y 0.5
Do suy giam 16 ga: § =In—"=In-—=0,223
Yuu 0’4

e . 3
Tham sé tat dian: € = 23 = 0,22

=0,0355
T 27

- Xdc dinh tan s0 @

o, =Vl -g? = 4,833 \1-0,0355% = 4,829
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- Xéc dinh hé s6 tat dan:
C=¢.C*=2Mowe = 2.7,7 .4,833.0,0355 = 2,642 (kNs/cm)

- Bién d0 sau 5 chu ki dao dong:

5 A}
0.4
ys =yo(ﬁj —0,5(0’—2] = 0,1638(cm)

[
b) Tricomg hop luc cdn lon (e > 1)

Trong trudng hop nay, nghiém cita phuong trinh dac trung (1-76) khi st dung (1-78)
sé la:

S~—wetovel—1=-wgti (1-96)
Trong d6: A=ovel =1 (1-97)
Theé biéu thic (1-96) vao (1-71), ta dugc:

y(1) =e % (D,e’-‘ 4 Dze”‘-‘) (1-98)

Biéu dién biéu thic trong ngoac ra hdm hypebonnic bang cich dat:

D,= %(C, t C,)ta duge:

y(1) =C, ch At +C, shit) (1-99)
Ta ¢6 thé viet (1-99) & dang khac nhau nhu sau:
Y1) = Ae™""sh (L + 7) (1-100)

Cic hang s6 A va v duge xdc dinh tir diéu kién ban dau tai t = 0, y(0) = y,, ¥{0)=v,,
khi do6: '
y, = Ashy ., v, =—-Aoneshy+Alichy (1-101)
Giai he (1-101), 1a duoc:

2
v, T OEY,
A= \/_Yi _(_‘__K___J

Ay,
VU + U)Sy(,

Y = arctg

Tur cong thic (1-99) hoac (1-100) ta thay ring: chuyén dong clia hé trong trudmg hop
luc can 16n 1a cdc chuyén dong khong tudn hoan. Cac chuyén dong ny c6 thé xiy ra &
nhiing dang khédc nhau, nhung dan tiém can dén vi tri can bing ban diu. Ching c6 thé
tiém cin dén vi tri can bing hoin toan tr mot phia, hodc tiém can cé mot lan déi dau
di¢u do phu thudc cu thé vio diéu kién ban diu. Cic dang chuyén dong clia hé dugc mo
ta trén hinh 1.18.
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3) <)

Hinh 1.18

c) Truong hop 1dt dan t6i han (¢ = 1)
Trong trudng hop ndy, nghiém cla phuong trinh dic trung 13 thuc, 4m va bang nhau:
S, =S, = - we, khi d6, chuyén dong cia hé s& 1a:
y(©)=e"" (D, +Dyt) (1-103)
Cic hang s6 D,, D, dugc xdc dinh tir diéu kién ban dau:
Tait =0, y(o) = y,, y(0) = v,,, Khi dé:

Yo=D,v,=D,-wey,, dodsD,=v_ + ey,

I Yo
Thay céc gid tri D, D, vao (1-103) ta dugc:
y(t) =[y,(1+wet)+ v tle™ (1-104)

Chuyén dong clia hé trong truong hop niy ciing khong tuian hoan va né ciing cé thé
x4y ra & mot trong cac dang chuyén dong da gap & truong hop trén.

Hinh 1.19
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Trén hinh 1.19 m6 ta dao dong tu do khong xét dén anh hudng ciia luc can (g = 0) va
dao dong tr do khi xét 161 anh huong clia Iuc can véi cdc gid tri khic nhau cia tham so
tit din € > 1; dao dong tu do dugc xét vé6i diéu kién ban dau; y, = 3; v, = 15; tan so dao
dong rieng cia hé o = 2 (tic 1a : T = n). Pudng cong mé ta dao dong ty do khi € = 0
duoc so véi hinh 1.8c¢, khi € < 1 duoc so véi hinh 1.15, khi € > 1 duge so véi hinh 1.18a.
Pé xay dung dudng cong mo ta dao dong tu do khi € = 1, ta sir dung cong thic (1-104),
ta ciing gia thiét diéu kién ban ddu xem ring khoi lugng bat ddu dao dong r vi tri y, voi

van t0c v, hudng ra ngoai vi tri can béang.

2. Dao dong tu do ké dén Anh hudng ciia hre can theo gia thiét Culong

Ta xét dao dong tu do cé tinh dén dnh hudng cha luc can ma sit theo gia thi€t Culong,
trong d6 ma sat la ma sdt kho, luc can ma sat F, ti 1& v&i ap luc vuong gdc va cé
phuong nguge véi phuong chuyén dong. Trén hinh 1.20 m6 td mo6 hinh ma sét nay véi ki
hiéu quy udc cia ma st kho. Ta thi€t lap phuong trinh vi phan chuyén dong cta hé theo
phuong phap tinh dong, trong dé cic luc dat vao khéi lugng bao gém luc quén tinh, luc
dan héi va luc can ma sat kho:

M)+ Ky(1) = +F__ (1-105)

Ivo

y + mzyzih (1-106) '

M .

Phuong trinh (1.106) c¢6 dang tuong tu nhu M

phuong trinh vi phan dao déng tu do c6 ké dén Tl

Suy ra:

RURARRAAY

trong luong ban than (1-67), ¢ day, luc & v€ phai
cta (1-106) c6 tinh chat thay ddi dau khi phuong
chuyén dong thay déi. Tuong ty nhu & phén truéc,
1a ¢6 nghiém cuia phuong trinh (1-106).

y(1) = Asin{ot +y)£ 6, F (1-107)

Hinh 1.20

Xeét trudng hop hé dao dong véi diéu kién ban dau: tai t = 0; y(o) =y, v(o) = 0. cé:
vy =y,cosot 8, F, {(1-108)

Khi khéi luong chuyén dong xudng dudi thi luc ma sit ¢6 chiéu hudng lén trén. Dao
dong cha luc s€ xdy ra quanh vi tri &, F, (hinh 1.21a). Bién do dao dong ciia khdi
lugng s dat duge gid tri bang y, - 28, F, ..

Khi khoi lugng chuyén dong len trén, luc ma sit s& cé chiéu hudng xudng dudi, dao
dong s€ xay ra quanh vi tri 3, F,, (hinh 1.21b). Bién do dao dong clia khéi luong sé dat
duoc gid tri bang y, - 28,, F..
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Trén hinh 1.21¢ mé td toan bo qud trinh dao dong cua hé.

b) T Tid | Ti4

Hinh 1.21
§4. DAO PONG CUONG BUC HE 1 BAC TU DO CHIU TAI TRONG PIEU HOA

L. Truong hop khong ¢6 lue can

Phuong trinh vi phan dao dong hé mot bac u do chiu tai trong diéu hoa P(t) = P_sinrt trong
truong hop khong xét 161 anh huong cua luc can 1 phuong trinh (1-5) trong dé véi C =0

My + Ky =P_ sinrt (1-109)
Trong d6: P, 1a bién do cha 1di rong, r: tan 6 vong P{t) = Psinr:
cua luc kich thich. b
¥
Nghi¢m thuin nhit coa phuong trinh vi phan chuyén ?{ —2
dong (1-109) biéu thi dao dong tu do c6 dang:
‘ ’ Hinh 1.22
Vi () =Bcosw+Csinot (I-110)

Nghi¢m riéng cha (1-109) biéu thi dao dong do ket qua tidc dong cta tai trong. C6 thé
xem dao dong dicu hoa xay ra do tai trong diéu hoa ¢é pha ciing véi pha cua tii trong:

y, (U)=Dsinrt {(1-11D
Thé (1-111) vao (1-109) s& nhan duac:
-Mr’Dsinrt + KDsinrt = P_sinrt

Chia hai v& phuiong trinh nity cho sinrt, s€ dan dén:
o)
-1 P
Dl =im (1-112)
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Do d6, bién d6 dao dong:

De-m__ L (1-113)

Nghiém tdng quét cha phuong trinh vi phan dao dong (1-109) bang tdng clia nghiém
thuan nhit theo (1-110) véi nghiém riéng theo (1-111):

y(i) =y, (D+y (1)=Bcoswt +Csinmt+£‘"—-

5--sinrt (1-114)
r

1——
)

Cic gia tri B va C clia phuong trinh nay duge xdc dinh tir diéu kién ban diu. Tiép nhan
diéu kién ban ddu & trang thdi yén tinh: tai t = 0, y(0) = 0; y(0) = v(0) = 0; ta xdc dinh
duoc:

r
C:_BK&‘ mz,B=0 (1-115)
-2
0)]

Thay cic hang s6 nay vao phuong trinh (1-114), ta dugc:

yy=Tm. 1 [sinn—isinmt] (1-116)
K 2 )

(1-116) la phuong trinh dao dong ciia hé mot bac tu do chiu tic dung cha tai trong
diéu hoa trong truong hop khong xét dén anh hudng cla luc can. Ta thay phuong trinh
dao dong (1-116) goém hai thanh phin: mat thanh phan dao dong dng vdi tin s6 cuia tai
trong diéu hda r, vd moét thanh phin Gng vdi tin s6 cla dao dong tv do w. Ta da biét
trong thuc t€, cidc dao dong déu chiu anh hudng cta luc cin, mac du luc can giy anh
hudng khong ddng ké dén tin s8 dao dong riéng, nhung khi da ¢é luc can, thi nhu di
trinh bay & §3; luc can du nho ciing s& lam tat din phdn dao dong tu do sau mot thoi
gian ngan dao dong. Sau dé heé s& chuyén sang thoi ki dao dong én dinh c6 chu ki ting
vOi chu ki cua tai trong diéu hoa:

P 1 .
y(t):—%- 2 sinrt (1-117)
1———
o2

Ta thay ?’“ =yy la chuyén vi tai khoi lugng do bién d§ P ctia tai trong di€u hoa tac

dung tinh gy ra, nén ta c6 thé viét (1-117):
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1 .
y(t)=yp- --sinrt (1-118)
T
1——
o
Trén hinh (1-23) mé ta dao déng cudng bic clia hé chiu tdi trong diéu hoa trong
trudng hop tan s6 cua luc kich thich nhé hon tin sé dao dong riéng r < ®.

y(t)

Hinh 1.23
Phuong trink dao dong (1-118) ¢6 chita chuyén vi tinh y; s€ dat ra van dé vé su lién
quan gifta chuyén vi dong y(t) vdi chuyén vi tinh y; d6. Su lién quan niy dugc xem xét
tir hé so dong luc theo thoi gian va hé s6 dong.
Hé s6 dong theo thoi gian: K(t).

He s6 dong theo thoi gian 12 ti s6 gilta chuyén vi dong tmg véi trang thai chuyén dong
clia hé v6i chuyén vi tinh do bién d6 cta tdi trong dong tic dung tinh gay ra:
K(ty=2 (1-119)
¥r
Heé s6 dong: K.
Heé 56 dong 1a ti s6 gilta chuyén vi dong cuc dai cha trang thai chuyén dong véi
chuyén vi tfinh do bién dé cta tai trong déng tac dung finh gay ra.

K, = Jm (1-120)
¥r
Puong nhién: Ky = K(t)pa (1-121)

V&i trudmg hop hé chiu tic dung cha tai trong diéu hoa, dé tinh hé s6 dong theo thoi
gian, ta thay (1-118) vao (1-119) sé& dugc:

sinrt

K(t) = (1-122)

43



Hé s6 dong g vdi dang tai trong di€u hoa:

(1-123)

Hinh 1.24
Qua d0o thi ta thay:
Khi L1 thiK,<0
®
0<L<lthiK 21
LY
Khi r = o, K4 ¢6 sy bién ddi rat nhanh, va r = o thi K, = o, lic nay xuat hién hién
tuong cong huéng: chuyén vi clia hé s& 16n vo cling. Phai hét sitc tranh hién tugng cong
hudng, trong thiét k&€ ngudi ta thudng xac dinh sao cho su khac nhau cia céc tin s6 r va
o khong dudi 25%.
2. Truomg hop cé luc can
a) Tinh luc cdn theo gid thiét cita Phoi
Phuong trinh vi phan dao dong cta hé mot bac tu do chiu tac dung cia 1di trong diéu hoa
P(t) = P_sinrt c6 xét dén anh huong cia lyc can phi hop vé gia thi€t cia Phoi 6 dang:
My+Cy+Ky=P_ sinn (1-124)
Thay hé s6 C theo biéu thiic (1-78) vao (1-124), ta s& nhan dugc:

y+2msy(t)+w2y(t)zpﬁm.sinrt (1-125)
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Nghiém téng quat ciia phuong trinh vi phan (1-125) bang téng clia nghiém thudn nhat
va nghiém néng.

O day xét véi trudong hop luc can nhd. Nghiém thudn nhat cta phuong trinh vi phan
(1-125) trong truong hop luc can nhd chinh ia phuong trinh dao dong tu do (1-82)

Y (D) = e (Bsinw,t + C.cos,t) (1-126)
Nghiém riéng do tdc dung clia tai trong diéu hoa dugc xdc dinh bing biéu thiic:
y.(t)=D;sinrt+D, cosrt (1-127)

G (1-127) ta dua vao thanh phén thit hai, bdi vi dao dong clia hé c6 luc can thudng
“khong cing mot pha v6i ham tai trong diéu hoa.

Sau khi 14y dao ham biéu thic (1-127), réi thay cdc két qua tuong tng vao (1-125),
ta duoc:

[—Dlr2 -D,r Que)+ Dlmz]sinrt +[- D,r* +D,r (20€) +D,0?] cosrt = Pﬁ“‘sinrt
So sanh hai v€ cua phuong trinh nay, ta ¢6:
[-D,r* -D,r (20e)+ D 0’ I sinrt = Pﬁ"‘sinrt

[-D,r* —D;r 2we)+D,0?] cosrt =0

Sau khi bo di cdc ham lugng gidc va bién ddi cdc phuong trinh trén, ta dugc:

D, (1-p%)-D; (26 B)= -2 ; D,A~)+ D, 26H)=0
Trong do: B=£ (1-128)
Suy ra:
_P, 1-p*
'K (1-7) +(2B)
b 2ep (1-129)

TK (1-BY)? +(26P)°
The cdc hang s6 Dy, D, vao (1-127) 1a s& nhan dugc biéu thiic nghiém riéng ctia
phuong trinh vi phan (1-125) va cudi cling ta ¢6 nghiém téng quat clia (1-125) la:
P

it

o OOEL : K :
y(t) =e ™ (Bsinw_t + Ccosw_1) + B Ay [(1—PB*)sinrt—2eBcosrt]  (1-130)

Thanh phan thit nhat clia v€ phai chda nhan ti ¢ ™ bi€u thi dao dong ty do tat dan da
khao sat & trén. Thanh phan thit hai ¢6 ciing tdn s v6i tai trong diéu hoa biéu thi dao
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déng cudng biic, n6 dic trung cho qud trinh chuyén dong 6n dinh cia he. Ciing nhu &
phén trén, chuyén vi & qud trinh 6n dinh ¢6 thé biéu thi & dang hai vécto (hinh 1.25):

I
RE
P 2B
K ven) 2
AP OB
\\ _ P e - K (1_32)21-(285)2
AN P
NS
AN
A
Hinh 1.25
Vécto A biéu thi bién do dao dong ciia qué trinh 8n dinh:
A=Pm 1
K 2,2 2
V(=B +(2¢p) (1-131)
Dao dong én dinh cia hé duogc biéu thi & dang tuong tw nhu da xét & phan trén:
Y(t) = Asin (1t - 0) (1-132)
Trong dé 0 la do léch pha:
0 = arctg 28ﬁ2
=P (1-333)
Hé s6 dong duoc tinh theo (1-120) s& bang:
K, =2 - ! (1-134)

Po  Ja-p2)? +(28p)’
K

Tir biéu thiic (1-134) ta thdy: Hé s6 dong phu thuoc vao ti s8 cic tin s6 clia tai trong
diéu hoa vdi tdn s6 dao dong riéng B va tham s& tat ddn €. Trén hinh (1-26) mé ta biéu
d6 quan hé clia hé s6 dong véi t s6 twong d6i B va tham s tat dan &:

b) Tinh luc can theo gid thiét ciia Xorokin

Gia thiét ciia Xorokin 1 gia thiét vé luc can trong phi dan héi, hay con goi 1a gia thiét
vé do cimg phiic.

Lutc cdn trong phi dan héi la luc cdn tinh dén su tiéu hao ndng luong trong hé, dugc
bi¢u thi trong viéc 1am tén that 1ré nang luong bién dang trong qud trinh dao dong. Né
khong phu thudc vao téc do bién dang (Luc can theo Phéi phu thude vao t6c do bién
dang) ma phu thuéc vao gid tri bién dang. Trong d6, quan hé giita cic bién dang chung
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F=0
L £=0,1
/’ | & =0,15

l-e=04
1 NS £-05
SN
g=1 \
| B
0 05 1 1,9 2 25 3
Hinh 1.26

(do vOng, goc xoay) vdi tai trong ngoai la quan
hé phi tuyén. Quan hé nay khi tang tai va dd tai
1a khdc nhau. Trong qua trinh tang tai va da tai
cta mét chu trinh tai trong, quan hé nay dugc
biéu thi bing mét duding cong kin goi 1 vong
tré (hinh 1.27).

Xorokin dua trén gia thiét vong tré ¢6 hinh
elip, va trong cdc dao doéng cudng bic én dinh
dudi tac dung cia tai trong kich dong diéu hoa,
ciac dao dong ctia hé xay ra ciing theo quy luat
diéu hoa. Ong da di dén két luan ring;

: \ Hinh 1.27

Luc can trong phi dan hoi ti 1& voi luc dan hoi
(Luc hoi phuc), nhung léch pha véi luc dan hdi mét géc 1a g Biéu thitc todn hoc ctia luc
can trong dugc biéu thi bing cong thic:

Ly
P.=1— P -
¢ 127[ d (1 135)

Trong d6: P;1a luc dan hoi; i = v—1 la don vi do. Viéc nhan thém véi don vi 4o tuong

ting v6i viéc quay véc to luc dan héi di mot géc 223 bang d¢ léch pha cha P,. vy 1a hé 56
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tiéu hao ndng long. N6 duoce do bang i sé tiéu hao nang lugng trong mot chu trinh bién
dang AW vdi nang luong toan phédn clia he W.

_AW
V=W

(1-136)
Trong thuc t€ tinh todn, nguoi ta thudng si dung gid i gan diing cua hé s6 tiéu hao
ning lugng va nd duge cho boi cong thue:

y=26, (1-137)
Trong dé: 8 1a do suy giam loga:

Tit cic biéu thitc (1-135) va (1-137) ta s& vi€t dugc biéu thiic luc can téng hgp bao
gdm luc can dan héi va luc can trong phi dan hoi nhu sau:

* 16
Pd = [1+ﬁ]Pd

(1-138)
Heé s6 ciia luc can tong hop chita thanh phén phifc, vi vay ma gia thi€t vé luc can trong
phi dan hoi clia Xorokin cdn duge goi 1 gia thiét vé dé cing phitc:

Trén co sd nghién ciit két qua cic phuong trinh vong tré nhan duge bang phuong
phép thong ke, Xorokin da dua ra biéu thic chinh xac hon vé luc can téng hop c6 thé ap
dung cho ca dao déng cudng bitc, ciing nhu cic dao dong nr do diéu hoa:

P, = (u+iv) P, (1-139)
7
Trong d6: u= 42 V= Y2
1+ 1+ 1
4
Va yzé

Tuy nhién, khi khao sdt cdc bai todn dao dong cudng bic sau ndy, ta van dp dung

2 2
cong thic don gian (1-138) bing cdch bd di 56 hang 7—4— , xem - nhu mot dai lugng vo
cung bé.

dudi dang phiic:

Dé khao sdt phuong trinh dao dong clia hé mot bac tu do ¢6 xét dén anh hudng clia
luc can theo gia thiét do cing phitc clla Xo6rokin, ta nén biéu thi luc kich dong diéu hoa

Py =P_c™"

Phuong trinh vi phan dao ddng clia hé phii hop vdi gia thiét Xorokin la:

(1-140)
o 6 irt
My + 1+1E Ky=P,e

(1-141)



.- . 0 2 P in
Hay: —lo’y=1% 1-142
ay y+(1+1 n]m y e ( )

Nghiém riéng cua phuong trinh vi phan dao dong (1-142) s€ xac dinh dao djng cudng
bitc ciia hé duge tim dudi dang:

y(t) = Ae™ (1-143)
Ly dao ham biéu thidc (1-143) va thay cdc gi4 tri tuong ing vao (1-142) ta dugc:

Suy ra: A=Pm, ! (1-144)

Biéu thifc trén c6 thé con biéu thi duoc & dang sau:

A=B.e° (1-145)
Trong do:
B =Pﬁm. L
\/((02 —r2)+8—2a)4
7 L (1-146)
tgcp*—'———&o2
(w? —r2)

Do dé, phuong trinh dao dong cudng bifc ciia hé ¢6 dang:
y(t)=B e ? (1.147)
Diing phén thuc cha biéu thifc nay lam nghiém, ta c6:

y(t)=Bcos(rt + @) = : !

Im
M 52
((1)2 _rz)z + 2 et
2

cos (rt + o) (1-148)

Hién tuong cong hudng xay rakhir= o, tic 1a ¢ = —E, vi: B= Fo 7 . Phuong
2 M §.0?
trinh dao dong.
P, = L
y(t), = Mo . gsmrt =yr- gsmrt (1-149)

Nhur vay, bién do cong hudng bing chuyén vi tinh nhan véi hé s [g)
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§5. DAO PONG CUONG BUC HE 1 BAC TU DO CHIU TAC DUNG CUA TAI
TRONG CO CHUKI
1. Biéu thi tai trong ra dang chuéi Fuarié

G phan trude ta da nghién ciu dao dong cudng bie clia hé mot bac tu do chiu tic
dung cua tai trong diéu hoa, trong thuc t& k1 thuat ta thuong hay gap dang tai trong tic
dung cé chu ki (hinh 1.28) khi xét dao dong cua hé chiu tic dung cua tai trong chu ki,
dé dp dung duoc cic két qua di ¢6 o
phin trudc, ta cdn phai biu thi tii P,
trong ¢6 chu ki ra dang chuéi luong
giac (chudi Fuarié). Dao dong tng vai

mdi thanh phin cua chudi la dao dong 0 S
chiu tdc dung cua tdi trong dicu hoa.

Dao dong cua hé duge xic dinh bing T P -

tong cdc dao dong Gng véi cac thanh '

phén khai trién cla 1ai trong. Hinh 1.28

Ham tai trong c¢6 chu ki duge khai
trién ra dang chuéi Fuarié:

Pll=a, + > a,cos —ZTEE 1+Y b, sin 2,;1“ 1
" roo 7 (1-150)
Trong dé:
T, - chu ki cua ham tai trong
Tll
a, = _[P(l)dl a)
T,
20 2
a, =— [P@)cos Al b) (1-151)
T,
p ot p
T
20 2
b, =— [ P(Usin == du o)
T p

2. Dao dong ctia hé chiu tai trong bicu thi ¢ dang chuéi Fuarié

Tai trong ¢6 chu ki tiy ¥ khai tricn chudi Fuarié xidc dinb theo (1-150), trong dé bao
g6ém tai trong khong d6i (1a tdi trong trung binh duoc biéu thi bang h¢ s6 a, xic dinh
theo (1-151) va chuéi cdc tai trong diéu hda véi cdc bion do ag, b, va cic tan so r,. Nhu
dit bict & phan trén, khi xét dao dong cudng biic he mot bac ty do chiu tic dung cha tii
trong dicu hoa bo qua dnh huong cta lye can. phuong triinh dao dong ciia hé ¢ ché do on
dinh ¢6 dang (1-117). Tt dé ta ¢6 thé vi€t duge phuong trinh dao dong twong Gng véi
cic thanh phan tii trong sinrt va cosrt cta chudi (1-150) nhu sau:
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(t)*b" L sinnrt——";sinnrt
Yu k I—BZ 1 k 1—ﬁ2 1

n n

i
y, ()= a?"i—zcos nr, t
Dao déng tuong dng véi thanh phan tai trong khong doi a, duge biéu thi bang do

vong tinh:

Cusi cing, dao dong cia hé chiu tai trong ¢6 chu ki s€ bing téng cdc dao dong \ing
vdi timg thanh phin khai trién cua chudi tai trong:

y() = k{a + Z > (a, cosngt+b, sinnrt) (1-152)
n
Trong truong hop xét dén anh huong cua luc can, dao dong cudng biic cua hé mot bac
tu do chiu tdc dung cua tai trong ¢6 chu ki ciing dugce tinh bing t6ng céc dao dong tuong
{tng vdi cac thanh phan khai trién cua chubi tai trong duoc xdc dinh theo (1-150), nhung
biéu thic dao dong ting v6i moi thanh phan tdi trong diéu hoa duge tinh theo (1-130).
Dao dong toan phan cla hé & ché do 6n dinh s& bang:

y(t) = — [1 +i 1

it (1-B2)+(2eB,)° {[b"(l_ﬁi)”n-zaﬁn]

0
xsinnr]t+[an(l [3 y—b,.2eB, }:O&,nrl }‘ (1-153)
4

Thi du 1.6:
Viét phuong trinh dao dong cia khai lugng

M. Tii tong tic dung lén khéi luong I 1ai LPm 3
M
trong ¢6 chu Ki cho ¢ hinh 1.29b. Cho £ =0 @ =,
Tp 4 2 1
T 3 m I
il | H I
|
-

"I';'Z | T2 | T2 | 10

Trudc hét ta phai khai trién tai trong ra ! | | |

chudt Fuari¢. Cic hé 8 cua chudi duge tinh

- Hinh 1.29
theo (1-51):
o
] P
a,=— | P(dt= —P sm%ﬂdt P
T, & ']"p T, T
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k 0 khin &
2 F 27n 27nt
4 T ,[Pn1 $in-——Ccos di=4P
T g — khin chan
' i g n 1-n’
P
t mn - _
IP mn——sm 2mm dt= {7 khi n=1
T p 0 khi n > |

The cic hé s6 nay vio bicu thide (1-150) ta s¢ nhan duge dang tai trong gom cdc ham

diéu hoa:

- l )]. l (_(].\2 I 6 aa \
[ COsS 4 l cos I l .

Trong d6: 1, =

Phuong tiinh dao déng clia khéi lugng trong trudng hop khong xét dén anh hudng cla
luc can duge xac dinh theo (1-152). trong do:

ﬁn_rn , B]_r_l_'zn.l:lzi
o) o T, 2n T, 4
B-, :21] :2"—];:;‘
- ) Tp 2
Viy phuong trinh dao dong cuas khoi luong sé fa:
1) 1 8n L+8c0’7 t+lco4t+
] =M + —sin I S 2T —CONaT
MU= 017 [5 ST gt

Khi tinlt dén anh huong cta luc can. phuong trinh dao dong cua khot lugng sé duge
Vict theo (1-153).

$6. DAO DONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA XUNG TUC THOI

1. Phuong trinh dao dong tong quat

Khi tai tong dong ngan han tic dung Ién cong trinh mi thoi gian duy 1l tal trong
khong vuot qud 25% chu Ki dao dong riéng ciia k&t cdu, thi tii trong ngan han dé dugc
2ol i tai trong xung tic thoi,

Khi h¢ chiu tic dung cua xung e thoi, nghia [a trén h¢ khong ton tai su ¢6 mal cua
ai trong dong. He dao dong duoc la do hé da nhan duoe mot van tée ndo dé ma tai trong
xung truyén cho hé. Vi vay dang dao dong clia h¢ dudi tdc dung ca cic xung tic thoi 1A
dang dao déng e do. Nhur da bict ¢ phin wrén. phuong trinh dao dong tr do trong cic
ruong hop xét dén va khong xét dén dnh hudng cua lue cin duge viet theo cong thife
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(1-86) va (1-45). Trong cic cong thic dé, n€u xem rang: tai thoi diém xung tic dung, d6
vong tinh ban dau bang khong (y(o) = 0), thi van dé & day 1a phai di xédc dinh téc do ban
dau v(o) trong trudng hop nay nhu thé€ nao.

Thoi gian duy tri tai trong rat ngan, nén tic dung cia tai trong lén hé s& thay bang tic
dung cha xung luc S dugc xéc dinh biang dién tich biéu d6 tai trong theo thdi gian
(hinh 1.30a)

]
S = [P(t)dt (1-154)
¥(t)
Pt S
-
~ - -
t o \\‘\ﬂ i
0 4] W
) [ =T b
-
P -
-~
-~
L~
Hinh 1.30
Theo quy luat Niuton
' - dv(t)
P=My(t)=M
y(v) at
Suy ra: Mdv = P(t)dt (1-155)
Tich phén hai v& dang thiic (1-155), ta duoc:
j': Mdv = _[f P(t)dt, hay: Mv(0) -Mv(o)=S (1-156)
Viv(o)=0, nén:
S
vi@)= — 1-157
(©) M ( )

Thay diéu kién ban ddu, t = 0, y(0)=0, v(o) = % vao (1-45) ta duge phuong trinh

dao dong cia hé mdt bac ty do chiu tic dung clia xung uic thdi trong trudng hgp khong
xét t6i luc can:

y(t)=ﬁs~sinmt {1-158)
®
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Phuong trinh (1-158) 1a phuong trinh dao dong diéu hoa véi bién do:
S
Yimax = E)'
Khi xét d&€n anh huéng cha luc can véi trudng hop luc can nho, phuong trinh dao dong
ctia hé duoc viét theo cong thitc (1-86) vdi cdc di€u kién ban ddu nhu & trén, trong do:

A= Jyf&(_—_——vﬂ +°ng°]=£= S
o, @, Mo,

¥,
y=arctg ————=0
vV, +0Ey,

Phuong trinh dao déng:

y()=e 'h—/ll——sinmct (1-159)
L))

<

Khi S = 1, biéu thitc (1-159) c6 dang:

—met

Y(t)=e sino_t (1-160)

Mo,
Biéu thitc (1-160) duoc goi 1a dao dong clia hé chiu tic dung cha xung don vi. Trén
hinh 1.30b mo6 14 d6 thi cita ham y,,
Néu xung tic dung vao hé khong phai thdi diém t = 0 ma tai thoi diém t = 1, thi
(1-158) s€ co dang:
S .
y(t) =——smo(t—1) (1-161)
Mo

Trén hinh 1.31 mo t& do thi cia ham vy, nay

()

1 T/2 T

Hinh 1.31

2. Tai trong tinh tuong duong P,

Trong tinh todn dong luc hoc cong trinh dé xac dinh céc gid tri 16n nhat cta noéi luc va
chuyén vi trong két cau, ngudi ta thudng phai tinh qua mot tai trong finh tuong duong
vGi tac dung cua tai trong dong lén két c4u.

Tai trong tinh tuong duong 14 tai trong gay ra bién dang bing bién dang cuc dai do tai
trong dong gy ra,
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Ki hiéu ti trong tinh tuong duong P,,. Chuyén vi cuc dai clia hé mot bac tu do duoc
tinh qua tai trong tinh trong duong la:

P
Ymax = 6ll 'Pl :"I'!(i (1'162)
Suy ra: P,y = —Xéﬂ‘l’—‘— , Hay: Py=K.y . (1-163)
1

Sau khi x4c dinh duge tai trong tinh tuong duong, bai todn duge tinh nhu bai todn tinh
chiu tac dung cha P, Trang thdi ing suit bién dang cua hé lic nay tuong duong véi
trang thdi ting suat bién dang 16n nhat khi hé chiu tic dung cita cic dang tai trong dong.

Khi hé chiu tic dung ciia xung tifc thai, ta da biét: y_,, = ——. Thay gia tri ndy vao

Mo
(1-162) ta duoc:
_ S 1 Soe
“T Mo 8, (Mo?).8,
Do dé: Py=Sw (1-164)

Ciing can thay thém ring: Khi hé chiu tic dung clia xung tic thdi, tai trong tinh tuong
duong chinh bang luc dan héi 16n nhét tinh theo (1-163), hoac bang luc qudn tinh 16n
nhat dat vao khoi lugng:

Lyc quén tinh:
P, (t) = ~My(t) = S o2 sinot = Swsinot
Mo
Do d6: P/™ =Sw. Két qua nay diing véi cong thiic (1-164)
3. Mot s6 thi du:

Thi du 1.7: Xac dinh mé men uén Ién nhat trong ddm don gian cho trén hinh 1.32a.
Tai trong dong tdc dung Ién khéi lugng cd quy luat thay déi theo thdi gian cho trén hinh
1.32b. Cho trude: E = 2,1.10°%N/em?, J = 100cm®, / = 2,5m, M = 0,01kNs%/cm,
P_ = 50kN, 6 = 0,05.s.

P(t}
() b,
M .
j, 8 j’;& ) !
% 1 1 " i ‘—6—"
a) b)
Hinh 1.32

- Xéc dinh tan s6 dao dong riéng cla hé
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' 1 1 48EJ 48.2.1.10%.10° 1
W = = = 2 = 3 5 ) =25,4. §
M3, {Mp ML’ 2.5%.10%.10

48EJ
- Chit ki dao dong riéng ciia hé:
2r 2.31416
=——="""_""-0,247.5
T w 25,4
0
- Tinh ti s6 —:
Tinh t1 so T
9 = —9(—)2— =0,202 <25%
T 0247

- Xac dinh tai trong tinh tvong duong t heo (1-164):
P, 6  _50.005
2 2
- Gia tri m6 men udn 16n nhat trong dam tai giita nhip:
Pyl 318.25

= = = kN
M =4 == =159 (kNm)

P,=S.0= £ 254=1,25.254 = 318 (kN)

Thidul8:

Lap phuong trinh dao dong va mo ta qué trinh dao dong cla hé lan lugt chiu tic dung cla
cac xung luc bang nhau theo chu ki bang nira chu ki dao dong riéng cia hé. Hinh 1.33a.

%51=S %s:,:s 1858
a) ‘i , !

!__ T2

T ’
| | g |
| L | |
Ay, ™
b ’ h .
_
I

|

f

|

| |

| AT
|

|

Hinh 1.33
Xét su dao dong cta hé & 3 khoang thoi gian sau:
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-Khodng 1: 0 <t < % theo (1-1538) ta co:

y, ()= isin ot = asinml;
' Mo '

S

T Mo

- Khoang 2: :21: <t <T, theo (1-158) va (1-161) ta cé:

: . T . . T
y,(1) =y, (1) +asmw{t—5J:a[sma)t+smm [I—EH =

=a[sinwt+sin{wt-m)]=0
- Khoing 3:t>T

. . 2n .
yi(t) = y,(1) +asine (1 -T) =asino [t—;] =asinowl

Trén hinh 1.33b, ¢, d biéu thi dao dong trong timg khoang thoi gian, toan bo dao dong
cua hé duge mé ta rén hinh 1.32¢.

§7. DAO DONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
NGAN HAN

O phan nay ta s€ khao sat tic dung cua loai tai trong dong ngan han. Khi T <25%

thi tdc dung cia tal trong ngin han duge xét nhu tic dung clia xung tic thoi, ndi dung ta
dd nghién cdu ¢ §6. Dudi day s& xét mot s dang (ai trong dong ngan han trong dé

6 - o L . o IO .
T > 25% . Khi chiu tdc dung cua tai trong ngan han, trang thai tng sudt bién dang 1on

nhat cua h¢ s& dat duge trong mot khoang thdi gian rat ngin, so véi trudc khi luc tat dan
¢6 the hap thu duge phin 16n ning lugng clia qud trinh dao dong. Vi vay khi tinh hé chiu
tic dung cla tai rong ngan han & khong xét 16i anh hudng clia luc can.

1. Tai trong ngan han ¢6 dang hinh sin

Xét dao dong clia hé mot bac tu do chiu tdc dung cia tai trong dong ngan han c6 dang
hinh sin (hinh 1.34).

Hinh 1.34
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N6i chung khi chiu tai trong ngin han dao dong cla hé s& duge tinh & hai giai doan.
Mot giai doan cé su duy tri tai trong dong va moét giai doan hé dao déng tu do khong ¢6
su t6n tai cua tai trong dong bén ngoai.

- Xét khoang 1: 0<t<o.

Phuong trinh dao dong khi hé chiu tidc dung cua tai trong diéu hoa dugc xéc dinh bang
biéu thitc (1-116):

N .
y(t)_fl —(sinrt Bsinwt) (1-165)

Xét G khoang 2:t> 0
O giai doan nay hé s6 dao dong ty do, dao dong nay phu thudc vio chuyén vi y(8) va

toc do V(0) O cudi giai doan 1. Phuong trinh dao dong duge viét tuong tu nhu: (1-45):

y(t)=—Y~(~9—)sinm(t—~8)+y(8)cosm(t—9) (1-166)
)

Dé xdc dinh gid tri 16n nhét cia chuyén vi theo thdi gian ta cdn phai 14y dao ham
phuong trinh (1-165) va cho bang khong:

P
dy(®) =T s{rcosrt—rcos0) =0
di Ki1-pg
Suy ra: cOos 1t = cosmt
Do dé: rt=2nmn+tw,n=0, £1,2,3,.. (1-167)

Ta can quan tam dén truong hop tai trong tic dung ¢6 tan s6 gin v6i tin s6 dao dong
riéng cla hé (r — ), nhu vay cén 18y n = 1 & biéu thifc trén, déng thai tinh véi dau am
khi do:

2n
It =

(1-168)
[0
1+—
T

Bién d¢ cuc dai cia dao dong duge xéc dinh bing phép the biéu thirc (1-168) vio

(1-165). Két qua chi thoa man khi rt < 1 twong tng véi truémg hop B < 1.

Khi B > 1 su cuc dai clia dao dong s& xdy ra & khoang hai ting v6i dao dong tu do.
Chuyén vi ban du va t6c do ban diu & khoang nay dugc xac dinh bing phuong trinh
(1-165) va dao ham phuong trinh nay véi phép thé 10 = .

P, 1 LT
Y(9)=f1_ﬁ2 (O—BSIHE)

P, r T
V(9)=—K 5 '(—I—COSB—}
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Bién d6 dao dong tr do cha giai doan nay duge xdc dinh theo (1-48) s& bing

v 2 P - 1/2
() m
A= y(29)+( . J :K(l_..Bz) 'B[2+2COS E]

Do d6 hé s& dong luc niy sé bang (khip > 1,t>6)

YIIIB.
= _max =— — 1-16
d I cos (1-169)
K

2. Tai trong ngan han c6 dang hinh chir nhat

Xét dao dong chia hé trong trudng hop chiu
tic dung cida tai trong tang dot bién, sau dé

P(q

gilf nguyén gia tri trong mot thoi gian ngén 0 p
hinh 1.35:

P()=P, khit<6
P(t)=0 khi> 0 0 —

Ta ciing tinh hé & hai giai doan ng véi hai

khoang thdi gian t S 6 Hinh 1.35

- Xét khoang 1: t<0,P(t)=P,_

Dé thdy rang nghiém riéng clia phuong trinh vi phan dao dong khi chiu tai trong nay
chinh la do vong tinh:
P

m

YT=?

Tinh dén biéu thifc ndy, nghiém téng quat chita céc hing s6 duge xac dinh tir diéu
kién ban ddu bang khong sé la:

y(t):%m(l—cosmt) (1-170)

Biéu thic (1-170) 12 phuong trinh dao déng cia hé & khoang dau. Bé xic dinh gid tri
16n nhat clia chuyén vi ta 14y dao ham biéu thiic (1-170) va cho bing khong:

P
v(t)= . msinmt =0
y(1) X

=— vi dang xét trong khoang mot, nén

N T
Suy ra: ot =nn, va t:nf,vmn: I; 1 >

1< 6 do dé ta c6 difu Kién dé cuc tri xay ra & khoang nay la: % > 0,5,
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Ung véi t = T dé thay rang: y[t = %] = 21%“‘ =2y, . nghia 1a hé s6 dong trong truong

hop nay bang 2.
- Xét rong khoang 2: t > 6, P(t) = 0.
Phuong trinh dao dong tv do & khoang nay dugc vi€t tuong ty nhu phén trén (1-166).
y(t)=y(9)cosa)(t—9)+v—(elsinm(t—9) | (1-171)
©

Trong d6 y g, va v g, 12 chuyén vi va t6c d6 chuyén dong cua hé & cuéi khoang 1.

Bién do dao dong cua giai doan nay duge xac dinh theo (1-48):

2 2
J(Le)} +y%(8) b Jsinz [2—E-BJ+(1—COSE-9] =
® K T T

A=

= P?"‘ \/2 (1—0052%9]

. A . me{ .. 0
D (K= ™ = 2sin— — <05 1-172
0 do: Ky yr sm,r(vm,r< ) ( )

Nhu vay he s6 dong thay déi theo quy luat sin phu thudc vao cic quan hé T nhoé hon
0,5. Tu cong thic (1-172) ta s€ tinh dugc cidc hé s6 déng va cho trong bang 1.1.

Bang 1.1
3]
T 0 0,01 0,02 0,05 0,1 0,167 0.2 0,3 04 | =205
Ky 0 0,052 | 0,126 | 0,313 | 0,618 1 1,175 | 1,617 | 1,902 2

3. Tai trong ngan han c6 dang hinh tam giic vdi bién dé giam dan
Xét dao dong ctia hé khi chiu tic dung cia tai trong tang dot bién sau d6 giam tuyén tinh
dén gid tri khong trong th&i gian ngén O (hinh 1.36).

P(t)=Pm(l—£J khit< 0
0 P,

P(t)=0khit>9
Xét trong khoang 1:t < ©
Nghiém riéng cla phuong trinh vi phan giao dong 0
cia hé chiu tdc dung cha tai trong dong 0 i -
|

P()=P. [1—1] Ia:
6 Hinh 1.36

P(t)
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K 8
Tinh dén nghiém riéng niy, nghiém téng quat chita cic hing s6 dugc xdc dinh tir diéu
kién ban ddu bang khong s la:
Pm

sin ot t
ty=-"1 - t——+1 1-174
y(®) K( O cos®@ 0 J ( )

Tuong ty nhu & phdn trén, dé x4c ddinh gi4 tri 16n nhét ciia chuyén vi, 1a ciing 1ay dao
ham phuong trinh (1-174) va cho bang khéng. Két qua ta nhin duge nhu sau:

yx(t)=P—"‘(l~£] (1-173)

Thai diém chuyén vi dat cuc dai la:

t= 2arctgod (1-175)
o
Ung vé6i chuyén vi cuc dai
P arctgot
o =22 1- 1.176
Ymax =<7 ( 0 J ( )
Tir biéu thitc (1-176) ta suy ra hé s6 dong trong trudng hop nay:
K, = Ymx _ 9 [1_arC[g‘”e) (1-177)
Yt o

Diéu kién dé xay ra cuc dai trong khoang ddu 1a thdi gian duoc tinh theo biéu thitc
(1-175) s€ nhd hon hoac bang thi gian duy tri tai trong 8. Tir diéu kién nay, ta xdc dinh

0
duoc: — > 0,371.
oC T

- Xét trong khoang 2: t > ©.

Phuong trinh dao déng tu do duge xdc dinh tir diéu kién ban dau dng véi thai diém
cudi giai doan mot, tic la tait = 6.

¥ = y®)cosott—0)+ 2P sina(t - 0) (1-178)
©
Trong do:
y(e)___P_m(smme —cosme)
K\ o
V(g):&(cosme —mGJ
K 0

Bién d¢ dao dong tu do cha giai doan nay dugc xdc dinh theo (1-48)

2
A= |y (9)4{@)
\ ©
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P % \/(sin 00 — 00 cos ®0)? + (coswb + @O sinwd —1)* =

K
P, \ﬁl—casme)2 + (0 —sinm(&!)2
K w0
Do do
K, = Ymax _ \/(l —cosrn@)l—)%é(ﬂ@‘—sin(onl)2 (1-179)

¥r
Diéu kién xay ra cuc dai trong khoang nay la %< 0,371. Tir cac cong thuac (1-177),

(1-179) ta lap duoc bang xac dinh hé s6 dong theo ti 16 T cua dang tai trong ngan han

nay (bang 1.2).

Bang 1.2
% 0 0,1 0,2 0,3 0,371 0.4 0,5 06 0,7 0.8
K4 0 0.31 | 0,602 | 0.853 I 1,051 | 1,197 | 1,31 | 1.392 | 1,453
% 0,9 1 1,25 L5 1,75 2 2,5 3 5 )
K4 1,506 | 1,552 | 1,63 | 1,689 [ 1,73 | 1,763 | 1.809 | 1,839 | 1,908 2

4. Tai trong tinh tuong duong
Khi hé chiu tic dung cha tai trong dong ngan han cling nhu khi chiu tic dung cia tai

trong dong cé quy luat bat ki theo thoi gian, tai trong finh tuong duong duge xédc dinh tir

hé s6 dong k4 va gid tri 16n nhat cla tai trong dong P, nhu sau:
Ta da biét cong thitc xac dinh tai trong tinh tuong duong tir (1-163):
P td = KYmax
Chuyén vi l6n nhat y,,,, duoc tinh qua he s6 dong:

P
Ymax = Yr- Kd: TmKd

Thay gid tri ndy vao cong thuc xac dinh Py & trén, ta dugc
P,=K,.P, (1-180)

Trén hinh 1.37 mo6 ta biéu dé cdc hé s6 dong k, theo ti s6 T ling v6i mot s6 dang tai
trong dong ngin han khédc nhau.
Qua d6 thi hé s6 dong vé trén hinh 1.36 ciing nhu qua cic bang tra hé s& dong ta

thdy rang:
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He sé dong ¢6 thé 16n hon, bang hoac nhd hon don vi, K, 2 1 diéu dé c6 nghia la: tai

trong tinh twong duong c6 thé 16n hon, bang, hodc nhd hon gid tri cuc dai cha tai trong
dong tic dung lén hé.

Ky

24

A/
1.2 /

w7

04

/ [
\
;\]mh_
B

\\\ \\ D

Ot

04 08 12 16 2
Hinh 1.37

H¢ s6 dong 16n nhat 1a bang 2.

Hé s6 dong phu thudce vao dac tinh tai trong va ti sé % .

N6i chung véi tdc dung tai trong dong ngan han (thdi gian duy tri tai trong rat ngin so
vol chu ki dao dong riéng), két ciu ¢é do cing cang I6n thi hé s6 dong cang ldn, hiéu
qua tdc dung cia tai trong dong 16n két ciu cang 16n.

5. Mot so thi du

Thidul?9:

V& bi¢u dé clla mé men udn dong trong dam cho trén hinh 1.38a téi trong déng ¢c6
quy luat theo thdi gian cho trén hinh 1.38b cho E = 2,1.10°kN/cm?, J = 470cm?, 7 = 3m,
M =0,01kNs*/cm, P, = 100kN, 0 = 0,03.s.
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Xic dinh tan s6 va chu ki dao dong riéng cla hé.

%P(t)
2 L R aj
3_ 2 | 5
| / R ]
- "
P(t)
Pr
0 Loy
I 0 |
I~ |

Hinh 1.38

“’_\/ 1 _JIQZEJ_
M.§; M’

4
_ \/192.2,1.10 470 _ 7018=g3,77.(5)
S

10%.3%.100°
_2n_ 2314

o BT =0,075.(s)

Tinh ti s6 % hé 56 dong, tai trong tinh tuong duong:

6 _ 003
T 0075
tinh tuong duong:

=04, theo bang 1.1 ta tra dugc hé s6 dong: K; = 1,902, do d6 tdi trong

Py=K,P, =1902. 100 =190,2 . kN

- Gid tri m6 men udn 16n nhat tai cac vi tri hai dau ngam va giira nhip:
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M= % = 189é2'3 =71,325 (kNm)

Bi¢u do moé men uén dong dugc vé trén hinh 1.38c.

Thidul.10:

Xdc dinh chuyén vi 16n nhat cia hé két cdu khung nha mat tdng cho ¢ hinh 1.39a hé chiu
tdc dung cua tai trong séng n6 cé quy lut thay déi theo thdi gian cho trén hinh 1.39b, cho
trudc: M = 3kNs/cm, do cting dan héi cua cdc thanh dimg K = 18000 (kN/cm),
P_=4500kN. 6 =0,05.s.

P(t)

LY

a} K = 18.000 (kNicm)
I VoLl
R(t)
P
b) o i
9 |
I
Hinh 1.39

- Tan s6 dao dong riéng cla hé:

W= E 8000 =~6000 =77, 46[ J
S

M
Chu ki dao dong riéng cua hé:
2n 2,314

T=—=——-=0,081 (s)
o 77,46

Xdc dinh heé s¢ dong va tai trong tinh tuong duong:

0 005

T = oog] = 0617, ra bing (1.2) duge: K = 1,32

- Tai trong tinh tuong duong:

Py=K, P, =132.4500 = 5940 kN
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- Chuyén vi 1én nhit cha hé:

P, 5940
L N e T O
Ymax = g~ 18000 m

§.8. DAO PONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
THAY POI THEO THOI GIAN VOI QUY LUAT BAT Ki

1. Dao déng cua hé trong trudng hop khong xét téi luc can

Trong truding hop t6ng quét phuong trinh vi phéan dao dong ciia hé mot bac tu do chiu
tac dung cla tai trong thay déi theo thoi gian véi quy luat bat ki la phuong trinh (1-5)
vaic =0.

My + Ky = P(1) (1-181)

. P(1)
Hay: V+o’y=—" 1-182
vy Y= ( )

Nghiém tong qudt clia phuong trinh vi phan trén bao gém nghiém thuin nhat va
nghiém riéng. Nghiém thudn nhat @ng véi phuong trinh vi phan c¢6 v€ phai bang khong
nhu da biét & cong thic (1-45):

Y = Yo coso)t+%sinu)t (1-183)

Pay chinh la thanh phan dao dong tu do do cdc diéu kién ban diu y(0) = 0 va v(o) # 0
gay ra.

Nghiém riéng do tic dung cla tai trong c6 thé tim duge trén co sd sit dung phuong
trinh dao dong cua hé chiu tic dung cla xung tic thoi (1-158). Ta xét ti trong dong &
dang tong quat vdi quy luat bat ki trén hinh 1.40, tai trong P, ¢6 thé dugc thay bing téng
cla cdc xung phan td vo ciing bé:

ds=P(1).dt
P(t}
pT
?\/
/g
-
~
]
-
-
-
1]
0 = !
- T - dt
t-t
t
Hinh 1.40
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Ta xem ring tai thoi diém t trén hé chiu tic dung ctia xung phan t6 ds. Do véng do
tdc dung cla xung phan t§ ds ndy géy ra la: theo (1-161).

POT Gnot-1) (1-184)
)]

dy(t) = P(t)dt.y(l-1) =

Do vong toan phin do tai trong P(t) giy ra la:
1 i
ty=——| P(t)sino(t - 1)dt 1-185

y(t) Mo [, P(z)sin ot - 1) ( )
Tich phan (1-185) dugc goi la tich phan Duamen.
Vay nghiém téng quat cGa phuong trinh vi phan dao dong la:

y(t) =y, cosmt+ ngin ot + L _[t P(t)sin@(t—t)dt (1-186)

© Mo *°

Phuong trinh dao dong (1-186) c6 thé tim duoc bing céch gidi truc ti€p phwong trinh
vi phan dao dong (1-82) theo phuong phéap bi€n thién hing s6 Lagrangio hodc c6 thé tim
dugc nhis phép bién ddi Laplitxo. O day khong trinh bay cc phuong phép nay.

2. Hé so dong trong trudmg hop téng quat va biéu thirc luc dan héi
D€ tim hé s6 dong theo thoi gian ta cdn bién déi phuong trinh (1-185) nhu sau:

y(t)= Ml >0 j'n' P(t)sino(t-1)dr=§,,.0 E P(t)sinw(t—1) dt
W

Néu thay P(t) = P, . f(t), trong d6 f(t) 1a luat thay ddi theo thdi gian clia tii trong
doéng, thi ta s€ viét lai phuong trinh trén:

y(t)=8,,.P .o j; f(t).sinw(t—1)dt

Hay : y(t)=y;.o j;f(r).sina)(t—t)dt (1-187)
Ta da biét biéu thirc hé 56 dong theo thdi gian (1-119)
yr

Thay y(t) & (1-187) vao biéu thirc niy ta dugc:
Kt =0 [ f(r).sinot-1)dt (1-188)

He s6 dong: K, = 2% do dé:
Yr

K, = K(t)max = (m [ 1(x).sinw(t —t)d‘r) (1-189)

max
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Chuyén vi cia khéi lugng néu viét theo hé s6 dong hoc theo thai gian:
y(1) =y . K(1) (1-190)
Tat ca cc dang ti trong dong ngan han da xét O §6 va tai trong di€u hoa di xét & §4.
Péu 12 cac him c6 quy luat nhat dinh theo thoi gian. Cong thic xdc dinh hé s6 dong
(1-189) 6 thé 4p dung doi vdi tat ca cac dang tai trong d6. Duéi day chi xét tic dung
clia mot s6 dang tai trong dong.

3. Tac dung cua tai trong dat dét ngét, san dé gilr nguyén gia tri trén hé (hinh 1.41)
P(t)

T P(t) P

e |

]

Hinh 1.41 Hinh 1.42
Trong thuc t&€ khi cong trinh chiu tic dung clia cdc séng xung kich do cic vy nd hat
nhan ¢é thoi gian duy tri tai trong 6 16n gap 15 lan chu ki dao dong riéng cha két cau, thi
biéu dé tai trong déng thay déi theo luat hinh tam gidc (hinh 1.42) c6 thé bd qua thoi
gian gidm tdi va tinh theo bicu dé trén hinh 1.41 boi vi trong trudng hop nay, bién dang
cuc dai cua hé xay ra & ngay giai doan dau khi tai trong tac dung.

Chuyén vi cha hé tinh theo (1-185):

| B :
y(t) = Mo L P, .sino(t—-1)dt =

P, « sino(-tdo(t-1) P,
L - = —(1--cos o)
o>

- Mo ©®
Biéu thic lyc din héi duge xdc dinh tir tich cia d6 cing va chuyén vi dong:

Py() = K.y(1)
Thay y(i) theo (1.185) vao biéu thic trén:
P, (t)= K.ﬁl.(; _[:Pm.sino)(t—'t)dr
Bién déi, ta duoc: P,t) = P_X(1) (1.191)
Vi K(t) 1a hé s6 dong hoc theo thdi gian dugc xdc dinh theo (1.188)
Tai trong tinh tuong duong 14 luc dan hoi 16n nhat tac dung lén hé :
P.=P, K, (1.192)
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Hay : y(t) = yr (1 - coso t) (1-193)
Heé 56 dong hoc theo thoi gian xdc dinh theo (1-188), véi f(r) & day bang don vi: f(r) = 1.
. 1- t
Kt =w _"(1 lsino{t-ndi=w ——%Si: l-cosot

Dé thay rang hé s6 dong:. K, = Kiymax = 2 (1-194)

Néu viét biéu thitc chuyén vi ciia khdi luong theo cong thitc (1-190) ta ciing nhén
dugce két qua nhu phuong trinh dao dong (1-193).

Dao dong cua hé dugce cho trén hinh 1.43.

Tuong tu nhu xét dao dong tu
do khi ké dén trong lugng ban y(t)
than (1-67), & phuong trinh Yimax = 2¥7
(1-193) va do6 thi trén hinh 1.43
ta thiy: Dao dong cudng bic clia - —f e N — --
hé chiu tai trong dat dot ngot sau IVT

dé gir nguyén trén hé la dao |
dong wr do quanh vi tri can bang -
mdi, cach vi tri can bang ban diu

moét khoang y, va vdi bién do Hinh 1.43
cling bang yr.

4. Tac dung cua tai trong dot ngét, sau do giir nguyén gia tri trong mot thoi gian
ngan hinh 1.35

lkhit<8

P(t) Py khi 1 <0 twong (ng ta ¢6: ()
= 4 CO. =
& e 0 khit>6

0 khit>0

Khéc véi cdch trinh bay & §7, & day s€ tim phuong trinh dao déng cha hé va xdc dinh
hé s6 dong tir hé s6 dong hoc theo thoi gian K(t).

- Xét trong khoang 1:t <0
Hé s6 dong hoc theo thoi gian duge xdc dinh theo (1-188)
K1) =w I;f(r)sillm (t-mdr=w J;: l.Sinm(t —‘c) dt = (1l —cosot)

Phuong trinh dao dong cda hé trong giai doan nay:

P
yi=yr K, = ?“‘ (1-cosmt)

Két qua nay hoan toan ding vdi cong thirc (1-170) & phan trén.
Dé tim he so dong K, ta tinh dao ham ca K(t) va cho bang khong:

K,(t) = wsinwt = 0 khi ot = nn
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T o T
Suy ra: t :“%Z“E - 1an thit nhdt fma =5

mux
Vi dang xét trong khoang 1 nént . <6 dodé

=05

I 0
— <0, hay: —
6 , hay

Tal 1y, = 1: K ()= o’ cosot <0, nén K, (t) dat cuc dai

Quan h¢ ;?:20.5 chinh la diéu kién dé cuc dai xay ra & khodng mot.

Ung véi o= L ta co: Kj= K., =2

miX 2 meX

- Xét trong khoang 2 : 1> 0

Khi tinh tich phan hé¢ s& K(1) tir khong dén thoi diém t & giai doan nay, ta phan ra hai
tich phan: tich phan ti 0 dén 0 turong dng v6i ham f(t) = 1, va tich phan tir 8 dén t tuong
ting véi ham {(1) = 0.

Kty =0 l f{it)sino(t-1tydt=0 N l.sino (t—1t)dt+0=
{ <

0
=cos o (t—8)-coswt = 2sin%§sinm(l —2J

K,(1)=0khi & (t -gJ = % . 1an thit nhat:

t, ='2_T;—+2:§+2.V6i gid tri nay K, (1) <0, vi do do:
Ky =K, (D) = 2sin wzesin o [I + g - g) = 2sin —G%e

Gia trit h¢ s6 dong nay hoan toan ding vai cong thire (1-172) da ¢é ¢ phan trén.,

Phuong trinh dao dong cua hé trong gial doan nay:
P W . 0
Vo) =y Ki(1)=2 L sin — sinw | t ——
Y2 yr Ks(t) = 5 ( ZJ

Khi xé1 dao dong ctiza h¢ xay ra ¢ khodng 2 ngudi ta con tién hanh biang phép them bat
tai trong. Tai thoi diém mat tai t = 0. s€ dat thém hai 1ai trong c6 gid tri bang P, nhung
nguoc chi¢u nhau (hinh 1.44) ldc nay dao dong clia hé s& buo gém: dao dong do tic
dung cua tai trong P, da xét & khodng mot va dao dong do tai trong - P, bt ddu tai thoi

diém 0, k&t qui ta ciing nhan duge ding vé6i cde biéu thife & cdc phan trén.
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L P(1)
Pm
0 L,
P(t)
P
(it
o L
nl HIIH oc
0
Hinh 1.44

5. Dao dong cia hé trong trudng hop ¢6 cuc can

Trong trudng hop tong quat hé c¢é xét dén luc can, phuong trinh vi phan dao dong 13
phuong trinh (1-5): .
My +cy+ Ky =P(1), chia ca 2 vé& cho M:

y(t)+2wsy(t)+m2y(t)=%t—) (1-195)

Nghiém riéng cha phuong trinh vi phan nay duge tim trén co s& sit dung dao dong cua
hé chiu tic dung clia xung tiic thoi twong tu nhu & muc trén. Tai thai diém t trén biéu dé
tai trong dong theo thoi gian P(t), ta tich ra mot phan (4 tai trong:

ds =P(t)dr

Phin 16 tai trong ndy gay tic dung xung 1én hé tai thoi diém 1. Do vong do xung phin
to do gy ra duoe viét theo (1-161);

P(T)dT . efu)s(t—r)

dy(t)y=P(t}dt.y(t -1) = —— Sinw, (t—-1)
Mo
Do vong toan phén do tai trong P, gy ra:
y(1) = b J'([] P(1)e™*"" ™ sin o, (t-1) dt (1-196)

Mo

[

Heé s6 dong hoc thay doi theo thdi gian trong trudng hop nay la:

K0 =2 [ f(x) e " . sine, (L -1)dt (1.197)
®

v
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Khi diéu kién ban ddu khéc khéng y(o) # 0, v(o) # 0 ta phai ké dén thanh phan dao
dong tu do do diéu kién ban dau gay ra. Nghiém tong quat cia phuong trinh vi phan dao
dong (1-195) sé la:

OEY,+V,

—uret N
y(t)=¢ [yo cos ot + sinw t }+

@

+M; j'lt) P(rye "V sin o, (t-1) dt

@,

Phuong trinh nay tuong duong véi phuong trinh (1-186) khi tinh hé khong dén anh
huong cua luc can.

6. Xac dinh tich phan s6 Duamen
3 cdc phan trén ta di xét cdc trudng hop dao dong cudng bic khi tai trong dong tic
dung P(t) c6 thé biéu dién duoc dudi dang giai tich vh dd nhan ducc nghiém téng quat
duéi dang cédc tich phan truc ti€ép (1-186) hay (1-197). Trong da sé céc truong hop thuc
t€ tai trong dong dugc xac dinh tryuc tiép tir két qua cia céc s6 liéu thi nghiém do dugc
va dao dong trong cédc trudmg hgp nay s& duoc tinh bang cic phuong phap s6.
Sir dung cong thirc lugng giac:
sin (ot - OT) = SiNEICOSHT - COSOTISINWT
Ta s& viét lai tich phan Duamen (1-185) & dang sau (khi di¢u kién ban ddu bang
khong):
. 1 ! 1 t .
y()=sinw t—— j P(t)cosowtdr—coswt— J- P(t)sinwtdr
Mae 7o Mo Y0

Hay:
y(0) = A(t).sinwt — B(t)cos ot {1-198)
Trong do:

A(t):ﬁlﬁ J‘(l P(t)coswtdr

}
l‘” . (1-199)
B(ty=—— | P(1)si d

(t) e Jo (T)sinwtdrt

Nhu vay viéc xdc dinh tich phan Duamen s€ dan dén viéc tim cdc tich phan A(r) va
B(t). D¢ xdc dinh cdc tich phan nay ta ding cac phuong phap gin ding. Gia sir cin tich
phan A(t) cua (1-199). Dat:

f(t)= P(1).coswt
. l 1
Thi: A(I)=M—w jU f(t)dt (1-200)

Chia khoang cén lay tich phan thanh nhiéu doan c6 khoang cach déu nhau va bang At.
Gia tri cde dai lugng P(t), cosot va gid tri cha ham (1) dng v6i cac diém chia duoc xdc
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dinh (hinh 1.45). Tich phan cén fim j: f(1) dt chinh 13 dién tich ctia d6 thi vé duoc trén

hinh .45c.
P(1)
PU P—
P
1| P,
P3
Py
a o \ o

At | AT| At|At ATJQT ‘
I | ™

coswmt

cosmIAT /

o)
COSMAT
COSw2AT

b)

AT|AT| At |At| At JAT | At

P(1)= P(1}.coswt

Ts Tg t

0
¢) Tz T3

Hinh 1.45

Néu xem ham s6 £y, bién thién theo quy luat dudng thang song song véi truc t tr méi tung
do thi ta ¢6 thé dung cong thitc gan ding don gian sau dé x4c dinh tich phan (1-200):
{2 f(OdT=AT [, 41, + £, 4.+ £,, + ] (@)
Néu xem ham f;, bién thién theo quy luat dudng thing ndi gilia hai tung d6 ta c6 thé
diing cong thife hinh thang:

N f(r)dt:% (£, +2(F + 5, +...+f ) +1,] (b)
[+2 (f, +1, +... 41 ) +1 ]
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Néu xem ham f(t) bién thién theo quy luat parabol di qua 3 tung d6 cia cic doan chia
k& tiép nhau, ta cé thé dung cong thic Simpson (vdi doan chia 1a chan).

w A
J'mb: TT[fU HA(E T+ 206 46 )+ ] (c)
Trong cdc cong thitc gin ding irén cong thite Simpson cho két qué chinh xdc hon, néu
dung cong thitc Simpson véi s6 doan chia bang 2 ta sé ¢é:
b At
[7) f(vde :?(f(, +4f +1,)

Ap dung cong thic nay vao biéu thirc (1-200) ta dugc:

ATt
T do: = 1-202
rong do Mo ( )

Biéu thic tich phan diy du khi tinh dén thai diém t bt ki bao gém biéu thitc Simpson

tinh véi hai doan chia cla thoi diém t, va gia tri tich phan trudc d6, nghia la:
A(t) = G[A(t —2A1) + {(f(t = 2AT) + 4 f(1 — AT} + £(1)) (1-203)

Tich phan B(t) cta (1-199) hoan toan dugc xdc dinh tvong ty nhu véi tich phan A .

Thidu l.11:

Tinh dao dong cuia thdp nudc chiu tdc dung coa tai trong do séng né cho trén
hinh 1.46. Xéc dinh cic chuyén vi va luc dan héi tuong ing theo thdi gian. Cho trong lugng
cta thdp G = 43,7 kN, do cing dan héi clia cot thap K = 402 kN/em, P, = 43,7kN.

() P—
P(t) P(t)
G 4_/1/—
Pm ______
|
|
[
K = 402 kNiem |
' [
0
00255 | 00288 |
) | |
a) b)
Hinh 1.46

Ta chia thoi gian ra 10 khoang véi A = 0,005.5. Két qua quad trinh tinh todn cho &
bang (1.3).
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Xac dinh tan s6 dao dong riéng

oo ’E:JK.g:\j402.981 _ B =10 1]
M VG 437 s

Xéc dinh hé s6 G theo (1-202)

At At 0005.30
Mo 3K 3.402

=1243.10"* (cm/kN)

Dé tién lap bang ta dua vao ki hiéu:
A1) = f(1 =2AT)+ 4f(1 - AT) = (1)
A(D) = A(L-2AT) + A1)
Nhu vay: A =G.A(D
Sau khi két thdc sy tac dung clia tai trong, hé s&€ chuyén sang dao dong tu do. Céc dai
luong A() va B(o) tai thtn diém két thiic tai trong tdc dung chinh 1a cdc hé s6 cia phuong

trinh dao dong tu do. Néu ki hiéu cac hé s6 cua gia tri tich phan dé 1a A* va B*, thi dao
dong tr do dudi tac dung cla 14i trong no s& la:

y{1)=A*sinot-B*coswt, va bién do dao dong

Voa VA®)T +(B%)?

Trong trudng hop xét dén anh hudng cia luc can, doé vong do tai trong giy ra dugc
xdc dinh theo (1-196):

y(t)= M L: P(D)e " Usino(t—1)dt
0,
Viéc xac dinh so tich phan Duamen dugc tién hanhk véi cdc tich phan A, va B, c6
dang sau:
l 1 eE(')T 3
Aty =—— I P(1) cosw, tdt
M(JJ 0 ef,(lﬂ L
: (1-204)
1 t EOT
B{t)= — P(t) .sin o tdt
M(Dc 0 e[:{'ll ¢

Néu ding cong thite Simpson tuong tu nhu bi¢u thite (1-203) véi truomg hop ¢é luc
can la cé:
A(D) = {A(t = 287) +[ (1= 2A7). cos o, (t-240)] ¢ 24 4

+ 4P(1 - A1) . cosw, (1 ~AT)e AT 4 P(t)cosa t } 31611

(1-205)

C
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Bang 1.3

I ¢ ool 0005 T o010 | 0,015 | 0,020 | 0,025 | 0,030 | 0,035 | 0,040 | 0,045 | 0,050
P(1) 0 |8752| 175 | 2625 | 350 | 437 | 350 |26256| 175 | 875 | 0
sinwt | 0 | 0,15 | 0255 | 0.435 | 0,564 | 0.677 | 0.783 | 0,870 | 0,932 | 0.976 | 0,997
cosot | 1 | 0989 | 0,955 | 0,901 | 0,826 | 0.736 | 0,622 | 0493 | 0363 | 0,220 [0.0715

P(ycoswt | o | 86,56 | 167.1 | 236,56 | 289,1 | 321,6 | 217.7 | 1294 | 63,52 | 1925 ] ©
Hesoa | | 4 1 4 1 4 1 4 1 4 1

ab(tycos 0T o 134604 167,1 | 946,24 | 289.1 {12864 2177 | 5176 | 6352 | 77 | ©

798,55 140,5
A 5133 1402.4 17932
At 0 513.3 1915,7 37089 45074 4648
AQ) 0.0638 0,02381 0.461 0,56 0,578

[ P(0) sin 0 | 13.13 | 51,63 | 11421 | 1974 129585 |27405 (22843 163,1 | 854 | ©

Hésso 14 4 | 4 1 4 1 4 1 4 1
aPesin0t | o | 5950 | 5163 | 4568 | 1974 | 11834 | 7405 | 913,72 163.1 | 3416 | ©
B(1) 104,15 705,83 1654,85 1350,87 5047
B(t) 0 104,15 810 2465 3816 4321
B(1) 0,01295 01007 0.306 0.474 0,537
A, sin ot | O 00188 001343 0,361 0.522 0.576
B(1), cos ot | O 0.01237 00832 0,19 0,177 00384
y(t) cm 0 0.064 0.051 0,171 0.35 0.537
Fd =Ky (kN)| 0 2,57 20.54 68.74 140,7 216.11

b chinh xac cta nghiém phu thudc vao gia tri cia budc thdi gian At; thong thuong

T - - ¥ 7 e - 7 - a - Ed >
chon At < m sé& cho phép cac két qua tinh toian thoa man dé chinh xdc yéu cau.

Tom lai, tiv nhitng noi dung diuoe vinh bay & trén, ta c6 thé duwa ra trinh ne tinh todn
hé mot bdc nr do chiu tac dung cia tai trong déng nhie sau:

1. Xdc dinh tham s& cia tai trong dong, tic 1a ta phai biéu thi dugc quy luat clia tai
trong dong thay ddi theo thai gian, hoic ghi dugc cédc s8 lidu tai trong dong theo céc
budc thoi gian:

2. Xic dinh cac dac trung dong hoc va tinh chadt dan hoi cia két cdu cong trinh: Tir so
dé két cdu va khéi lugng ta xéac dinh duoc chuyén vi va dé cimg cha hé, sau dé xac dinh

duge tan s6 dao dong riéng va chu ki dao dong riéng.

3. Xac dinh tai trong finh tuong duong tic dung lén hé: 3 trudng hgp

- Vi tdc dung ctia xung tic thot:
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- Vi tai trong ngén han:
o . B
P, =K, . P, tng véi truong hop khi T 225%;

Trong d6: Hé s6 dong K ;dugc tra theo bang 1.1, 1.2 hodc do thi hinh (1.36).
- Véi tai trong dong cé quy luat bat ki:

Py=K,.P,, trong d6: K4 = K()max
Va: K= o j": f(t)sinw(t--1)dt

Khi hé chiu tic dung clia tai trong diéu hoa:

= ﬁ ; Trong d6: B= é

K4

4. Tinh néi luc v chuyén vi trong hé chju tdc dung cua tai trong tinh tuong duong P,
da xac dinh o budc trén nhu hé chiu tai trong tinh thong thudng.

Khi tinh dao déng ctia hé bang phuong phdp sd, chuyén vi va luc dan hdi cha hé sé
xdc dinh tuong ing véi cdc budc thoi gian trong qua trinh hé dao dong duge tién hanh
theo cac budc cho trén bang (1.3) d6i véi hé khong xét dén anh hudng cua luc can; Khi
xé1 té1 luc can, cdc budc tinh cling tién hanh tuong tu.
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Chuong 2
DAO PONG CUA HE CO HUU HAN BAC TU DO

Trong thyc t€ tinh todn ki thuat ta hay gap bai toan tinh hé dao dong hitu han bac w
do. D¢ tién lgi cho viéc biéu thi cac phép tinh va 4p dung dugc cong cu mdy tinh dién ti,
trong chuong nay sé trinh bay cic ndi dung dudi dang ma tran. Viéc sir dung ngdn ngir
ma tran trong co hoc di ré nén ngay cang rong rii, biéu hién & viéc 4p dung cdc phuong
phép tinh nhu phuong phdp phdn tr hifu han, phuong phdp ma tran chuyén tiép va nhiéu
cdc phuong phéap gan ding khac.

§1. KHAI NIEM VE MA TRAN CUNG VA MA TRAN MEM

Xét hé dam hinh 2.1a tai cic vi tri 1, 2...n hé chiu tic dung tuong iing cta cic luc P,
P, ...P,.
Chuyén vi tai vi tri k dugc xdc dinh theo nguyén Ii cong tic dung:

V=0 P +8,P+ .. +8, P +..+8,P

k=1,2,..m

n

|
]
] .
|
|
|
|
l
7/
AN I I

Hinh 2.1

Viét cho tat ca cac vi tri ta ¢6:
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y, =6,,P, +8,P, +..+&, P

In*n

¥, =0, P +8,P +...+8,, P,

(2-1)
y, =0, P +8,P, +...+6_ P,
Ta viét phuong trinh (2-1) & dang ma tran:
Y1 dy 8 . Oy P,
Y2 _ 8y Oy o By P,
Ya 8nl 6n2 6nn Pn
Hay: fY}=[F]{r}
Trong do:
Y1 Py
P
vi=121, (p}=1 (2-2)
¥n P,
8 B - Oy
S ) .. O
[F]: 21 22 2n (2-3)
6n1 6n?_ 6rm

1Y} - véc td chuyén vi;
{P} - véc to tai trong tic dung.

[F] duoc goi 13 ma tran mém. Cdc phan i cha ma trdn do¢ mém &, (k=1,2, .. n

m = 1, 2, ... n) 1a cac chuyén vi don vi dugc xdc dinh trén hinh 2.1b. Vi 8, = 8, nén
ma tran [F] la ma tran déi xing.

Nguoc lai ta c6 thé viét:
Py =1y, + 12y, + 1, Y,

Py =)y, +1p¥, +..+1,,Y,

pn =Ty +rn2y2 t.o..F Inn¥a

Hay: {P} = [K] {Y} (2-4)
Iy b o Iy,

Trong d6: [K]=|™ =2 -~ (2-5)
bt e
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Ma tran [K] ducc goi 1a ma trin cing. Cac phan trcia ma trdin do cing r (k=1,2, ...,
m = I, 2.....n) goi la hé s6 dé ciing, 1a luc twong Gng & toa dd k do chuyén vi don vi tai toa do
m gay ra. (Xem hinh 2.1¢). VI, =1, nén ma tran [K} ta ma tran doéi ximg.

Dé thdy ring ma tran do cdng 1a ma tran mém nghich dao va nguge lai:
-1 -1
[K]=[F]". [F]=[K]
Diéu nay nhan dugc do viéc nhan trdi hai vé ctia (2-4) véi [K]' r6i the vao (2-2) hoic

nhan trai hai v& cha (2-2) v6i [F]' réi thé vao (2-4).

§2. XAY DUNG PHUONG TRINH VI PHAN DAO PONG HE HUU HAN BAC TU
DO THEO PHUONG PHAP TINH

Xét hé dam cé n khoi luong tap

trung. Hé chiu tic dung cua tai Pt} P.(t)
trong dong P(t), P,(t)...P (). B
qua trong luong ban than dam khi ﬂ;m\\\ //’; [
y _—
¥4t yoi0)
¥ift)

dao dong. vi tri cua moi khoi lugng
dugc xdc dinh bang mot thong s6
[a chuyén vi theo phuong dimg. Vi
vay hé ¢6 n bic tu do (hinh 2.2a). a)

Truge hét ta xét trudng hop bod
qua anh hudng cia luc can. Ta sé
. N . N .. m,
viét phuong trinh can bang luc véi T
viéc su dung nguyén li Dalambe,
trong dé cdc luc dat vao khéi luong
bao gom: tai trong tdc dung, luc P,
qudn tinh va luc dan hoi hinh 2.2b.

it}

. n L .. N .2
Phuong trinh can bang luc déi Hinh 2

vt Khoi luong tha K
'Pk,q+pk.(lzpk(t) (2-6)
Trong do:
P'UI =-my ;\;k(t)
Plamnayithp Yot o+ vy
Thay cdc biéu thiic nay vio phuong trinh (2-6) ta duoc:
My i (D4 (Y + oY, o+, Y ) =P (t) (2-7)
k=1,2,.,n)
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Phuong trinh (2-7) dugc viét cho tdt ca cac khdi lugng cia hé nhur sau:

m, ¥, +(r,y; +6,5Y2 ++5,Y, ) = Pi(t)
M,¥, +(5,y; + LYy +-.+ 5, Y, ) =P(0) (2-8)

Inn?n+(%|Y|+ﬁﬂY2+-"+ﬁmYn)=I%(U

Ta viét hé phuong trinh (2-8) & dang ma trén:

m ¢ .. 0 7R TR PR ¥i P (1)
0 m, .. O ¥, L+ L In Ly | Jyal _ JPa()
0o .. m, ynJ | A Ya P

Hay c6 thé viét gon hon:

[M}{ Yo} +[K] {Y()} ={P)} (2-9)

Trong d6: [K] - ma trin dg cting xdc dinh theo (2-5); [M] - ma trin khoi lugng hay ma
tran quan tinh ([M] 1a ma tran chéo}:

m, 0 0
=] & ™ 0 2-10
| . (2-10)
0 m,
Vi
(%) yi(0) (1)
N ENT: (t Pyt
(=0 b=t qeop= Y (15
y. (0 Yall) P (1)

Phuong trinh (2-9) goi Ia phuong trinh vi phén dao dong cua hé n bac tv do viét duai
dang ma tran.

Khi ké dén anh hudng cia luc can, phuong trinh (2-9) s& la:
[M]{Y 0} +[C]{ YO} +{K] { Y(O} = {P()} (2-12)

Trong dé: [C] - ma tran can, hay ma iran tat dan:

Ciir G2 Cin
€ Cn o O

[C]= " (2-13)
Cnl Cn2 Cnn_l
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Céc phan ti chia ma tran tit ddn c,, goi 1a céc hé s6 anh hudng tat dan, [a lyc tuong
ling vdi toa do k do t6c do chuyén dich don vi tai toa do m gay ra.

Vi
- Vo0 o P
{Y(t)} = Ia véc to 16c dod chuyén dich cha hé.
YalD)
Phuong trinh (2-12) chinh la diéu kién can bang tinh hoc cua cd hé:
{-P,01 + {P.O) + {Ps(}} = (P(V)) (2-14)
Trong d6 luc quan tinh, luc can, luc dan hoéi ldn luot la:
b, 0} = MI{¥ o} (2-15)
P} =[c]{vmy (2-16)
{Py0)} = [K] {Y(D)} (2-17)

Phuong trinh (2-12) con goi la phuong trinh vi phan chuyén dong & dang thuan. Viét
mot hang ciha hé nay ta cd:

m ¥, O+ ¢y (0+2 6y (0 =P (D) (2-18)
= p
Phuong trinh vi phan chuyén dong con viét duoe & dang nghich nhu sau:
YO+ 8,mF +> 8 F =3 8P (2-19)
i~ ! j=!

Hay: y (O)+8,,[my, (1) + P ()=P(1)]+8,[m,¥,(1)+P,(1)-P, ()] +
+ ..+ 6, [m ¥ (O+P, (O-P,(1)]=0
Khi xem luc can theo gia thiét luc can trong fi dan hoi cua Xorokin (§4 chuong 1),
phuong trinh vi phan chuyén dong 2-18 sé& ¢ dang:

. 10\ .1 _
=l '
Trong dé: ¢ - do suy giam loga.
Viéc tinh lyc can theo gia thi€t Xorokin s& tao nén lyc can tdng hop 1 dang thic

tuyén tinh véi luc dan hoi. Diéu dé cho phép kha nang tinh dao-dong cudng bic cia hé
véi luc can trong fi dan héi trong pham vi 1f thuyét tuyén tinh.

§3. XAY DUNG PHUONG TRINH VI PHAN DAO PONG HE HUU HAN BAC TU
DO TUNGUYEN LI HAMINTON

C6 thé dp dung nguyén i bién phan déng hoc Haminton dé thiét lap phuong trinh vi
phan dao dong clia hé hitu han bac tr do théng gua phuong trinh chuyén dong Lagrang -
Trude hél ta sé xay dung phuong trinh chuyén dong Lagring tir nguyén li nay,
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1. Phuong trinh chuyén dong Lagring
Biéu thitc cia nguyén I Haminton nhu da biét & phdn md ddu (M-6)

[i28(T-Uydt+ [?8Rdt=0 (2-21)

Trong d6: 8T, U la bién phan dong nang va bién phan thé nang cua hé, SR la bién
phéan cong phan 16 cla tai trong va lyc tat ddn.

Pai voi da s6 cdc hé co hoc va nhét 4 cac hé két ciu xiy dung, dong nang cua hé ¢
thé biéu thi qua cic toa do tong quit va cic dao ham bac nhat cta ching theo thdi gian;
con thé nang cua hé chi biéu thi qua cic toa do (chuyén vi) téng quat. Bién phan 8R c6
thé biéu thi qua cdc ham tuyén tinh déi vdi cdc bién phan cla cdc toa do tong quat:

T=T(y, Y3sus Yo Y15 Yaree s ¥i) a
U=U(y,, ¥y soes ¥} b (2-22)
dR=R,dy,+R, 8y, +..+R B8y | ¢
Trong d6 cdc hé s6 R, R,,... R, 12 cdc ham lyc tng quit tuong (ng véi cdc toa do y,,
Yoo Yo
Thé céc biéu thic (2-22) vio phuong trinh (2-21) ta dugc:

{* {(Erwﬁy, +—ar—6y2 +...+Er—6yn +£5yl +£6)‘12 +ot
1

"Ly 9, Ya ay 0y,
oT au U ou
+ _—aynj—(—ay +—0y, +... +——_——6yn}+
aYn 1 : BYZ : aYn
+(R, 8y, + R,8y, +...+ R_ 8y, Jdi=0 (2-23)
L4y tich phan timg phan d6i véi cac s6 hang pha thude vao téc do & phuong trinh trén:
ar .. ar |7 o (T
J-lz —Syl dt = -— Syl - = - 6y| .dt (2'24)
1L oY, o Ty M oot oy,

Thanh phan ddu tién & v& phai clia phuong trinh (2-24) bang khong vi: 8y; (¢,) = dy, (1)) =0.
Do dé phuong trinh (2-23) duge viét lai sau khi thé (2-24) vao phuong trinh do6:

? {i[—;(gr%g_gf +Ri}6yi}dt=0 (2-25)
i=t i ; ;

i

Vi tat ca cdc bién phan 8y, (i = 1, 2, ..., n) |2 tly ¥ nén trong trudng hgp téng quat
phuong trinh (2-25) s€ thoa man khi biéu thifc trong ngoac bing khéng, nghia la:

g (T Jar ou
E(ayj‘ayi N (2:26)
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Phuong trinh (2-26) 1a phuong trinh chuyén dong Lagring. Phuong trinh ndy 1a két
qua sir dung truc ti€p nguyén i bi€n phan dong hoc Haminton, trong d6 cic thanh phan
mo ta bién phan ham nang lugng va cong cla lyc ngoai va luc gidm chén dugc biéu thi
qua cdc toa do téng qudt va cac dao ham cla chiing theo thdi gian.

Phuong trinh Lagrang dugc ap dung rong rdi trong nhiéu linh vic khoa hoc va ky
thuét, né dugc ap dung véi tat ca cac hé tuyén tinh va phi tuyén.

Thi dy 2.1

Xay dung phuong trinh vi phan dao déng cua hé cho ¢ hinh 2.3. H¢ gédm mo6t thanh
ciing ¢4 khét luong M, chiéu dai /, thanh nay dugc néi lién v6i mot thanh khéng trong
luong co6 d¢ dai 7 véi dau bi ngam chat. Khoi lugng chiu tic dung cua tai trong dong
phan b déu c6 quy luat thay déi theo thoi gian f(1).

Ta xem chuyén vi theo phuong diing tai hat di€ém diu thanh cing (diém 1 va diém 2)
12 cic toa do tong quit (chuyén vi y (1) va y5(1).

IR EEE

s I
Z X
. ! e ! .

! { |

a)
40
2
b)

Hinh 2.3

bong ning toan phan cda thanh cting (khéi lugng M) bang tdng dong nang cia
chuyén vi thing va chuyén vi quay:

7=

: 1,
5 My, (U + =T, 6% (1) (a)

2
Trong dé:
. Lo ro o
O 5 (yi+¥) |, J,=M: E (la m6 men qudn tinh cba thanh cimg),

. r .. e
o (1) = T(y' —¥, ). Thay céac biéu thirc nay vao (a) ta duoc:

; v \2 2 /. . o\2
1 yity I MFF({y,-¥% M _
T=-—M J1 72 +—. = 1 2 — 2 . .2
2 [ 2 ) 2 12 ( T T Wity ty) (b)
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Ta coi cdc chuyén vi y (1), y,(1) dugc tinh tir vi tri cin bang tinh ban diu bing khong,
vi thé thé nang chi duogc tinh do niang luong bién dang tich ldy trong hé. Cé thé xic dinh
thé nang tir ma trn cimg va cac chuyén vi nhu sau:

Luc dan héi: {P,}=[K]{Y}
woes W[ ] ()

Thé& nang cda hé:

1 1
U= (Y} (R} =2 {Y} KI{Y]
Hay:
1 | ¢ I ¥y 1
UZE{YI'YZ }|: " IZ} { l}*—‘“z' (r11Y12+2T12Y1Y2+r22Y§) (c)
Ly Tz |Y2
Tinh bién phan 6R:

oy, + 8y,
2

X _q.f(t).l‘
3R = (q.f(t)J) = By, +dy;)

So sanh biéu thifc ndy vdi (2-22c¢), ta dugc:
)
R,(1)=R,(t)= 9—2-—f(t) (d)

Thé céc biéu thiic (b), (c), (d) vio phuong trinh Lagrang (2-26) ta nhan duoc phuong
trinh vi phan dao dong cua hé:

M .. . |
o 2y, +¥214 1Y, + 1Y 10 =% f(v)
(e)
M . . ql
o (¥, +2¥2) +12¥, + Y12 ZE f(t)

2. Phuong trinh vi phan dao dong t6ng quit

Deéi v6i cdc hé két cau dan héi khi dao dong, dong nang va thé nang cla hé cé thé
bi¢u thi duoc & dang toan phuong, trong dé thé nang 13 dang toan phuong clia chuyén vi
(iing véi cac toa do téng qudt), dong nang Ia dang tdan phuong cua toc do:

1 n
Y Zrij Y y; (t)
25 ia

1=

Uty =

—
Il

ln
-2
20

T(1) = m;, y; (D) yj )

n
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Dé nhan dugc phuong trinh vi phian dao dong hé n bic tr do dudi dang ma trén tir
phuong trinh Lagring ta biéu thi dong nang va thé nang & trén dudi dang ma tran nhu sau:

U= % Y K]{y} (2-27)

-2 (¥} [K] {¥) (2:28)
V@i cac hé ma dong néng c6 dang toan phuong thi:

=0
ay;

Phuong trinh Lagrang lic nay s€ co6 dang:
91,V g (2-29)
o\ dy; ) Oy,

Thé (2-27) va (2-28) vao phuong trinh (2-29) ta dugc:
[M]{¥}+[K] {Y} = {R)} (2-30)

Tu cac phuong trinh (2-29) va (2-30) ta nhan thay rang: luc dan héi chinh bang dao
ham cha thé niang theo chuyén vi, con luc quan tinh bang dao ham ciia déng nang theo
toc do lai dao ham tiép theo thoi gian.

Bién phan cong phan t6 cha ngoai lyc va lyc giam chin: 8R = Y. R,8 y, . trong trudng
i=l

hop téng quat khi hé chu téc dung cla tdi trong dong:

Ri=PF - iCjJY_i (2-31)
=1
Trong d6: C;; la hé s6 clia ma tran tat déan [C].
Thé biéu thic (2-31) vao phuong trinh (2-30) ta duogc:
(MJ{Y@b+[C] {y}+[K] {vi} = {Pw)} (2-32))

Phuong trinh ndy hoan toan tring véi phuong trinh (2-12) nhan duge bang phuong
phdp cin bang lyc vdi viéc str dung nguyén Ii Palambe. :
§4. XAC DPINH TAN SO DAO PONG RIENG HE HUU HAN BAC TU DO

Trudc hét ta xét dao dong clia hé khéong tinh dén anh hudng cia luc cén, phuong trinh
vi phan dao dong ty do cua hé hitu han bac tr do khi khoéng ¢6 luc can nhan duge tir
phuong trinh (2-12), trong dé ma tran tat dan va véc 1o tdi trong bang khong.

M]{¥ 1+ [K}HY, | = of (2-33)

86



Trong dé: {0} 1a véctd khdng.

Tuong tu nhu & hé mot bac v do, dao dong v do chia hé hitu han bac tr do cing dugc
xem la dao dong diéu hoa don gian. '

{Y(1)} ={A}sin (0t+7) (2-34)
Trong dé: {A} - 1a véc to biéu thi bién dé dao déng cha h¢; ® - tin s6 dao dong
riéng; vy - La do6 léch pha.

Viéc phin tich dao dong tu do cta hé hiru han béc tu do 13 viéc xdc dinh cac diéu kién
dé phuong trinh (2-33) cho phép hé t6n tai dao dong. Tir diéu kién dé ia s& tim duge cac
tan s6 dao dong riéng cia he.

Lay dao ham bac hai biéu thitc (2-34) ta s& nhan dugc gia téc dao dong ty do.

(Y0} = -0 {A}sin(@t+y) = -0 {Y(1)} (2-35)

Thé céac biéu thic (2-34) va (2-35) vao (2-33) ta nhan duoc:

- o [M]{A}sin ((m +y)+[K]{A}sin (ot +v)= {0}

Suy ra:

([K]-o? [M]){Y(t)} = {0} hay ([K] - o> [M]) {a}=1{0} (2-36)

Deé hé 16n tai dao dong {A} phai khic Khong. _

Dicu dé dan dén: Dinh thic chia cdc hé s6 cha phuong trinh (2-36) phai bang khong;
nghia la:

[K]-0*[M]|=0 (2-37)

Phuong trinh (2-37) duogc goi la phuong trinh tan s6 cia hé hiu han bic tu do. Khaj
trién dinh thitc (2-37) ta s& nhan duoc phwong trinh dai s6 bic n d6i vdi ©°.

Giai phuong trinh nay ta sé xdc dinh dugc n nghiem: (07 , o} ,...mﬁ). Cic gia tri
nghiém nay biéu thi gia tri binh phuong cic tan s6 cGa n dang dao dong riéng. Véc to bao
gom 1t ca cdc idn 56 dao déng riéng xép theo thit it ting dan (o < @, < Wy < .. < @,)
dugc goi 1a vécto tan s6 dao dong rieng (va con goi 1A pho tan s6).

{o} = 10, (2-38)

Tan 6 dao dong riéng thdp | goi 12 tdn s6 co ban.
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C6 thé thay them rang: Tat ca cac ma trdn khéi luong va ma tran ciimg cla hé két cau
bat ki déu la cdc ma tran doi xing va xdc dinh duong. Vi vay, tat ca cic nghiém cla
phuong trinh tan s& déu la thuc va duong.

Phuong trinh tdn s6 ¢6 thé viét duoc dusi dang ma tran mém. Muén véy, ta nhan trai

hai v& clia (2-36) véi ma tran %[F] ta sé nhan duoc:
®

1
([FIM) - - 2] 4] = o} @)
Trong d6: [E] 1a ma trédn don vi cap n.

Phuong trinh tan s6 tng véi phuong trinh (2-39) sé la:

[F][M] -]

Ciéc phuong trinh tan s6 2-37) va (2-40) dugc viét dudi dang giai tich nhu sau:

=0 (2-40)

2
r21 (r22 —® m2) wor r2n — O (2_37)r
I I (rnn —mzmn)
Va
|
S 6,,m, 8),m,
5 1
21, 6),m; ~ — 8,,m, ~0 (2-40")
i
o, m, §,,m, (Snnmn ——TJ
0

§5. XAC DINH DANG DAO BONG RIENG HE HUU HAN BAC TU DO

Tuong Wmg véi céc gia tri tan s6 dao dong riéng o, (i = 1, 2,...n) ta s& x4c dinh cdc
dang dao dong rieng {A;} (hoiic {Y,} tir phuong trinh (2-36) hodc (2-39). Viéc xdc dinh
cic tan s6 dao dong rieng va cic dang dao dong rieng déng vai tro rat quan trong trong
bai todan dao dong cua hé hiru han bac tv do.
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D€ xac dinh cic dang dao dong riéng, ta dua vao ma tran [B;] img véi tan s6 dao dong
riéng ;. Dang dao dong riéng Ung véi tdn s6 dao dong riéng o, goi la dang dao dong
riéng tha i, hay dang chinh thi i.

[B:]=([K]-i[Mm]) (2-41)

Hay: [Bi]= ([F] [M]—ﬁ[E]J (2-41)
Khi dé phuong trinh (2-36) viét (tng vdi tdn s6 o, s€ ¢ dang:

[BI{Y.0}={0}  hay [B]{A}={0} 2-42)

Muén xéc dinh céc dang dao dong riéng, ta khong nhat thiét phai tim truc tiép cic gid
tri bién do cia cdc khoi lugng, ma ta chi cén tim ti s6 bién do cua cdc khoi lugng so véi
bién do cua mot khoi lugng nao d6, thudng 1a so véi bién do cia khéi lugng tha nhat. Ti
s0 do ta go1 la .

0, = ki (2-43)
LA
Puong nhién ta dé thay ¢,, = 1.
Nhu vay. dang dao déng riéng thi i chinh [a vécto 6 cde phdn tir 1a céc ti s6 @, d6:

Dy 1
@i @i
{oif =19 p=1{0u; (2-44)
(pni P
Dé tim cdc dao dong riéng, ta chia hai vé& cha phuong trinh (2-42) cho hé 56 A |, ta cé:
b b b fAy) [0
by b by by JAy | JO
Anlby bE bR b (Au| 10
oo b b (A o]
i b 1) o

Hay: i i i i
by b b bl | Jeu[ 10

o b b Low) L0
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Trir phuong trinh diu tién cha (2-45), ta gigi hé (n-1) phuong trinh sau: ta s€ dugc
dang dao déng riéng thit i:

for}=-B1,] {Bi} (2-46)
Trong dé:
2
for} =4 % (2-47)
Pni

[B‘,‘,’ } 12 ma tran {B"] bd di hing mot cot mot.

by by .. by,
‘ (i) (i) (1)
[B(l.l)}: by, by . by, (2-48)
bl bui o b ]
{8} 12 cot thit nhait cita ma tran [By; } bo di phan tif ddu tién.
by}
. (i}
{Bﬁ"}: b (2-49)
b

Lic nay:
1
{of=9 . (2-50)
U
Ma tran vuong biéu thi tdt ca cdc dang dao dong riéng goi la ma trin cac dang chinh,
ki hicu la [®].

Do P2 (pln-
Par Q2o o Doy
[(D] [ (Pu (P:}---- {(Pn}]: P P e Pay (2-31)
I
EL(Dul (Pnl (pnng

Céc chi s6 caa @, gom chi so thtr nhat 1a chi so k chi khoi lugng, va chi s6 thit hai 1a
chi 0 1 chi tan $6 hay chi dang dao dong rieng. Cic dai lugng cua cdce tac dung ngoai ¢é
hai chi $0 sau nay cling dugc chi nhu vay.
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O dang giai tich, hé (n-1) phuong trinh sau clia hé phuong trinh (2-45) dé xdc dinh
dang dao dong riéng dugc viét nhu sau:

2 _
Iy + (5 =0 My )Py + Ty @3 + ...+, 0, =0

2
By + 0y +(Hy —O M) @y +o+ 1,0, =0

. 2 _
B rnl+lnlcp2+rn3(p3+"'+(rnn_0‘) mn)(pn_o
Hoac:

1
&,ym, ‘{622"‘2 _0)2]% + 8y Ma (3 + ...+ 8,,m, ¢, =0

1
S:Hml + 612m2([)2 +(633m1‘ _E\)(pg +...+63nmn(pn = O

1
8nlrnl +6n2m2q)2 + 6n3m3(P3 + ”'+(6nnmn _Ej(pn =0
Can thdy rang: Van d¢ xdc dinh cdc tan s6 dao dong riéng va cic dang dao déng riéng
cta bai todn dao dong hé hiru han ty do tuong ting véi bai todn xac dinh céc tri riéng va
véc to riéng cua dai sO tuyén tinh. Gia tri binh phuong tan s tuong tng cac gid tri riéng,
con cic dao dong riéng sé€ tuong tng voi cac véc to riéng. Tuy nhién, cdc tinh chat cua
cédc dang dao dong riéng va cdc véc to riéng s& duoc xem xét cu thé & phan sau.
Thi du 2.2:

Xdc dinh tan s6 dao dong riéng va dang dao dong riéng cta dam lién tuc hai nhip ¢é

hai khéi tugng tap trung. Chom; =m, =M, a =é (hinh 2.4a).

m EJ = consl m,
& & L & -0
iy X P
. & | a a ! f a)
[ = I 1

P

= - P e 7
’7977\\\ Lﬁf 1~ ;z > lpzzz 1 //fﬂg;OE b)

-

Hinh 2.4
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Hé nay co6 hai bac tu do, ma tran khdéi lugng caa hé:

S o
8, 9Oy,

Ma tran mém: [{F] ={ } Cic chuyén vi don vi dugc xdc dinh theo cdch tinh &

83 8y
phan tinh hoc, & day chi duge ra két qua:

NP
W72 7 1536 EJ

-3 F
612 :'521 =’5‘E ﬁ

231° o (—%J

Do do:

[F]

" 1536E] ( 9 J
23
Phuong trinh tan s& viél theo dang: (2-40)
9
l-u) -—-—
! 1 1 | 23
[F]{M]-—[E]|= =0
w 1536 EJ 9
~-— (l-w
23
1536 EJ
Trong do: U= ————
¢ 23M1'n?

Khai trién dinh thic ta ¢é phuong trinh tan s6:
9 \2
(u-1y —(—} =0
23
Gidi phuong trinh nay dé rang nhan duge nghiém:
32 14

U*j:_

u =—,
23 3

Ung vdi u, ta co o bang:

536 -
o, = |20 E :J48Ef=6,9282 =
23Mi*y, VM M/
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Ung véi u, ta cé:

‘ " EJ
o, = |36 B :Jmsﬁg 10,4745 |—FL
23MPu, N TM7 M

Cic dang dao dong rieng dugce tinh theo cong thitc (2-46)

I

Thay u, vio biéu thitc nay ta duoe: ¢, = —1, do d6 dang dao dong riéng thir nhat Ia:

l ..

{(pI } ={(P“ } = { ]} ta thay dang dao dong riéng thi nhit ¢é dang phan doi xing
P2 -

(hinh 2.4b).

Thay u, vao biéu thitc xac dinh dang dao dong riéng & trén, ta dugc: (p; =ldo dé
dang dao dong riéng thit hai la:

1
{(Pz} :{(Plz } = {l} Dang dao dong riéng nay 1a dang déi ximg (hinh 2.4¢).
P22 )

Vay ma tran dang dao dong riéng va véctd tan s6 duge viét nhu sau:
6,9282 | | EJ 11
{o} = v . [o]=
10,4745 MI -1 1

Xdc dinh tan s¢ dao dong riéng va dang dao déng rieng cia hé khung ba tang cho &
hinh 2.5a.

Thidu23:

Khéi lugng cua hé duoc xem nhu cic khai luong tap trung & céc thanh ngang va thanh
ngang co do cung bang vo cung. Cic thanh ding xem nhu khong ¢é trong luong. Do
ciing clia cdc thanh ding cta méi tang cho trén hinh v& va cho m, = 1,78. kN.s’/cm,
K, = 1070. kN/cm.

m
! 1 =1 Yo= 1 =K, yy= 1
T T 77T 7y, e —— e
- K, i, =K, \\\ ;=0
m,=1,5m, e A oK
T T T T T v, e 4%},__ 123 = 2K
- , ~
K= 2K, 1= - Ks V= 3K, AN
mE: Zm‘ // \\
TTITTTTTTTITIT I V3 L L AL
{
=0 = =
K= 3K, 3 Iy = -2K, //! ;3= 9K,
rd
AT7IIT7 I ST FTTT7 Verricrd
a} b)
Hinh 2.5
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Heé ndy ¢6 ba bac tu do tng véi ba chuyén vi theo phuong ngang & méi tang. Ma trin
do cimg dirge xdc dinh bang viéc cho céc chuyén vi bing don vi & méi ting va xdc dinh
cdc phan luc dan héi nhu trén hinh 2.5b. Vi cdc thanh ngang cha khung ¢6 dé ciing bing
vo cling nén cac phén tr clia ma tran cimg duge x4c dinh bang tOng do cimg tuong \ng
cla cdc tang, ta c6:

[K]=|ty 1 ms|=|-1 3 -2[1070 kN/cm
Ry Iy Ixn U
Ma tran khoi luong cua hé:
m 0 0 1 0 0
[M]=| 0 1L5m, O [=|0 L5 O[L78kNs*/cm

0 0 2m, 0 0 2
Vi¢t phuong trinh tdn s6 ¢ dang ma tran cung (2-37)
(I—u) -1 0
[K]-o’[M]|=| = & 7 " 11070 =0;
-1 (3-L5w) -2
0 =2 (5-2u)
s .
Trong dé: u= L78w
1070

Khai trién dinh thiic ta nhan dugc phuong trinh bac 3:
w-55u2+7,5-2=0
Nghi¢m ciia phuong trinh nay: u; =0,351; u, =1,61; u;=3,54.
Tir d6 1a c6 pho tan s6 dao dong riéng clia hé:
o, 14,5

{o} =10, =311 [3

0 46,1
Cac dang chinh dao déng dugc xac dinh theo (2-46)

) . 1 (5-2u) 2 -1
L= — B] B =
{“"} [ ”}{ ¥ (3—1,5u)(5—2u)—4[ 2 (3—1.SU)M 0}

Véiu, =0,351 tacé:

(o1 = -1 ~(5-20,35D| 1 [4,298] [0.648
Y (3-1,5.0,351)(5-2.0,351)- 4 -2 1 66311 2| |0,302

Tuong ty ta xdc dinh duge {(p;} tng véi u,, {cp:} tng véi uy;
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{ *}_ -0,602 | { } -2,58
%207 g678] 171} 2 485
Ma tran cédc dang chinh dao dong cua hé:

QP P @ [ 1 | 1
[(D]: 01 Pm 957 |=10,648 0,602 -2,38
031 Pz Qa3 _0,302 —0,678 2,485

Cic dang dao dong riéng dugc ve trén hinh 2.6.
1 1

1
(3,648
- 0,602
2,58
Dang 1 0,302 0,678 Dang 2 2,485 Dang 3
STTITTT 777 /77,
Hinh 2.6
Thiduld:
Xdc dinh tan s6 dao dong riéng va cdc dang dao dong riéng cha hé cho & hinh 2.7.
¢)
EJ = const mi mf m
m= my= - my= g
a) a == _t

; _] ‘ é = ®*- -

| 113 | i3 | i3 | -
‘ 3338 ~ . 6,181
27E T~

L ‘ ry=240 (—4—131‘]) L ~

¥ - e
j‘_ \\\\ I1 //// J l //
yo=1 e r,y=138a ryy=36a 1 i=2 s

Tl I -7
r..=138a =48 g ~ \I - .
L l 152:1323 fiy 462 T 0969 o
b} j el -

Hinh 2.7
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Hé nay c6 ba bac tu do ttng véi ba chuyén vi theo phuong ding tai cac khéi lugng. Ma
tran khoi luong cia hé:

L 00
[M]:%{o;o
00 %

i 2]

Pé xdc dinh ma tran cing. ta cho hé chiu cdc chuyén vi don vi tai cdc khoi luqhg theo
phuong cla bac tu do va xdc dinh cdc phan luc dan héi tai cac khdi lugng. Cac phén tl
cla ma tran cing tuong ng véi cdc trang thai chuyén vi don vi trén
hinh 2.7b.

Ta dugc:
L, Ly 240 -138 36
[K]=|5y 1 n3|=a|138 132 48],
Trong dé:
27 El
a= 5
1317

Phuong trinh tan s6 duge viét dudi dang ma tran cing (2-37) nhu sau:

(240-u)  —I138 36
[K]-o’[M]=al -138 «a32-4 -4 |=0
36 ~48  (21-0,5u)
4 2
Vi _B3ml"o
81 EJ

Khai trién dinh thic trén ta nhan duge phuong trinh.
-u + 4140’ - 21060u + 3604 = 0
Giai phuong trinh nay ta ¢6 cdc nghiém sau:
u; = 1.7965;  uy, =57.269; uy=355

Do dé, véc 1o tan 56 dao dong riéng cua hé sé Ia:

o) 3,346
{u)} m, »=418,89 %
o, (47,031 '
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Dé xdc dinh cdc dang dao dong riéng ta st dung cong thite (2-46)

) - (132 - u) 48 T [-138
{‘Pi}z_[B“}]{B‘}:_[ —48u (21—0,5u)j| {36}

_ 1 {(21—0,511) 48 }{—138}
(132 u) (21 - 0,5u)— 482 48 (132 -u) 36

Thay céac gid tri u,, u,, u; & trén vio ta dugc:

(o1 = ¢y | [3.338 o) = 0,969 | (03] - 0,714
P ey [T leastf TP T on3esT 1PT 0,448
Ma tran cic dang dao dong riéng clia hé:

1 1 l

[©]=13.338 0,969 -0,714
6,181 -1,368 0,448

Cdc dang dao dong riéng duge mo ta trén hinh 2.7¢.

$6. TINH CHAT TRUC GIAO CUA CAC DANG DAO PONG RIENG

Cic dang dao ddng riéng cia hé hitu han bic tu do ¢ mot tinh chat dac biét, dé 1a
tinh chat truc giao. Tinh chat nay dong vai tro rat quan trong trong viéc giai quyét cic
bai todn dao dong cudng bic ciing nhu dao dong tu do cua hé hifu han bac tu do. Biéu
thuc cua tinh chit tryc giao giita cac dang dao dong riéng duoc tim trén co sO dp dung
nguyén li cong twong ho Betti d6i véi cic dang dao dong riéng.

Phuong trinh vi phan chuyén dong (2-33) d6i vdi cac dao dong ty do c6 thé duoc viét
o dang (2-306).

K] fy(0} = a2 [M]{y,0) @5

Trong dé: vé trdi biéu thi vécto cla luc dai héi {Py(1)}, con vé v€ phdi biéu thi vécto
cua lyc qudn tinh {P(0}. Nhu vay khi dao dong wy do, cdc dang dao dong riéng dugc
xem nhu sy thay ddi cba do vong do cdc luc qudn tinh, (céc luc qudn tinh déng vai trd nhu
tai trong ngoai) gay ra. Ta xét hai dang dao dong riéng thd i va thi "j" wén hinh 2.8.

LLAAT

Ap dung nguyén |i Betti cho hai trang théi bién dang tng véi hai dang chinh thit "i" v

(1]

1" ta s€ co:

{y,0} {Py} = {0} {Py0) (2-53)

Sau khi thay {Y(t}} theo (2-34) va {Pq(t)} = - w’[M] {Y(1)} vao biéu thitc trén rdi don
gian cdc ham tuan hoan theo thoi gian ta dugc:
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o; {AJ}T [M]{Ai} = 0] {Ai}T[M]{AJ} (2-54)

i3
i) i) [
f I P, P. I 28
af) T L 2_9H I 39
B - -
N i A - ~ ¥ ‘(t)
- yalt) I all oy T N L/ N 2
; m, m, m, E ; S E . ; i S i E
- " (0 S
. Yy 0
&"é 1 1 Mo l
Hinh 2.8

Ta thdy rang: tich cdc ma trin & phuong trinh (2-54) 1a dai lugng vo hudng, vi vdy sau
khi chuyén vi tri cdc ma tran & mot vé réi thuc hién phép chuyén vé, ta sé dugc:

(07 -o7){A} [M]{a}} =0 (2-55)
Vi ¢éc 1dn s6 dao dong riéng c6 gid trj khdc nhau o, # ®;nén ta c6 thé viét bieu thic trén:
(A} Ml{a}=0 (2-56)

Biéu thic (2-56) biéu thi tinh chat truc giao cla cdc dang chinh dac dong. Biéu thic
tinh chat truc giao con 6 thé viér diuge qua ma trdn cting [KJ, muén vy ta nhan tréi hai
vé cua phuong trinh (2-52) v6ima tran { Y} L(1), sau khi b6 di ciic ham thoi gian & hai v€
ta duogc:

T ) -
{AJ} [K]{Ai} = {AJ} [M]{Ai}
V& phai chia biéu thiic nay theo (2-56) bang khong, do dé ta cé:
(A 1[K]{A} =0 (2-57)
Trong trueng hop 16ng qudt biéu thic tinh chat truyc giao ciia cdc dang chinh dao déng
dugc viet véi cde véc to dang dao dong khong thur nguyén {(p-l} . {(p_i}. Mudn vay ta chia

céc biéu thitc (2-56) cho cac bién do chuyén vi cua mot khéi luong nio dé tng vé6i dang

1" va "J" ta dugc:

. ’l'
o' Moy} =0 2-58)
O dang giai tich, biéu thifc tinh chat truc giao viét theo ma tran khéi luong nhu sau:
n
2 (M@ +myo®y + .m0 ¢ =0 (2-58")
k=]

Biéu thifc tinh chét tryc giao viét theo ma iran ciing d6i vdi cdc dang dao dong khong
thit nguyeén.

{0} [K]{e;}=0 (2-59)
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Qua cdc biéu thifc (2-58), (2-59) ta thdy rang: cdc dang dao déng riéng {(pi } , {q) j} i=))

truc giao voi nhau qua ma tran khéi lugng [M] va ma trén cing [K], hay néi cich khic la:
cac dang dao dong riéng tryc giao nhau véi trong s [K] hoac [M].

Ta cdn c6 thé biéu thi tinh chat truc giao cua cdc dang giao dong riéng véi trong s6 la
tich khong han ché cac ma tran tao nén tir ma tran [K] va ma trin [M]. Chia hai vé& clia
phuong trinh (2-52) cho mot bién dé nao dé (bd ham thoi gian di) ta ¢6:

[K{o:} =0 [M]{e;} (2-60)
Nhan trdi hai vé phuong trinh nay véi {(p j }I[ M][K]fl . ta dugc:
o)} Ml =07 {0} [M][K] " {o.}
St dung (2.58) suy ra
fo,} ' [MI[K]" [M{o} =0 @-61)
Lai nhan tréi phuong trinh (2-60) véi {(pj }T [M][K] [M][K]" s& duoe:
fo,} [MIKT' M]-o.} =02 {o,} [MIKT [MI[K]™ [M]{o,}
Sir dung (2-61) ta cé:
{o,} [MI[K] " MI[KT " [M]{e;} =0 2-62)
Tuong ty néu ta nhan trai phuong trinh (2-60) véi {(pj }T [K][M]‘l s duoc:
(o} [KIMT' [K] {0} =02 {0, [K]fo]
St dung (2-59) s& cho:
o, MIIKT" [K]{oy} =0 (2-63)
Phép nhan tréi phuong rinh (2-60) v6i {0, }T [K][M] " KIM]™ s& cho:
fo,} [R)MT [KIMT (K] o) =2 (o, ][RI [K o)
Sir dung (2-63) ta co:

T _ -
(o} IMIKT" [MI[K] " [K{e} =0 264
Céc quan he trén ¢ thé 13p lai ma van cdc thudt todn twong tu.

Céc biéu thitc tinh chal truc giao & tren va ké ca (2-58) va (2-59) ¢6 thé viét gon lai &
dang sau:
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b
fo ) IM[MK] {o,} =0, —c0 <b <o (2-65)
G biéu thic (2-65) néu ldy b = 0, va b =1 ta s& nhan dugc (2-58) va (2-59).
§7. CHUAN HOA CAC DANG DAO PONG RIENG

Ta viét lai cac phuong trinh (2-55) & dang sau:
"
(5 -0f){oi] [M{es} =0
Néu o; =o;(i= j) thi phuong trinh trén chi thoa man khi {qr)i }T [M]{e;} =0 taco

T
thé chon {(pi} [M]{‘Pi} =1.
Dang dao dong riéng thod man biéu thic trén dugc goi 1a dang chuan, ki hiéu la
{@cn }- Ta viét lai:
T
{(Pj }ch [M]{(Pi}ch =1 (2-66)

Viéc dua cic dang dao déng riéng vé dang chuén goi 1a chudn hoa cic dang dao dong
riéng. D€ xdc dinh dang chudn, ta dat:

{oiten = biioi) (2-67)
Dua (2-67) vio (2-66) ta duoc: b7 {g, ] [M]{ e} =1

Suy ra bi2 = T 1
fo.f [M]{)
Néu dat: at ={o, }T [M]{ o} (2-68)
Thi: b, =L. vido dd 6 (2-67):
a;
1
101} = o} (2-69)

Khi it ca cdc dang dao dong riéng di duoc chuin hod, thi 1ir (2-66) ta s& viét dugc
diéu kién truc chudn ¢ dang tdng quit sau:

T
(o8] [M[@a]=[E] @70
Dicu kién truc chudn tong quit con viét duge véi ma trin cing nhu sau: nhan trdi

phuong trinh (2-60) v&i {(Pi }T ta dutoe:
(o) [Klfo =t fo} [M]fo]
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Khi dang dao dong riéng di duoc chudn hod thi biéu thic trén cé dang:

(o) [K]f01} = 2-71)

Biéu thirc (2-71) viét d6i vai tat ca cic dang chudn:
(@] (K] [@a] =[] (2-72)
_(x)f 0 .. 0O -|

2
Trong do: {Q]=diag (m?): 0 o .. 0

0 0 .. @

Diéu kién truc chudn tdng quat (2-70), (2-72) ¢ ¥ nghia quan trong trong viéc riit gon
qua trinh tinh todn dao déng cua hé sau nay:

Thi du 2.5:

Cho hé & hinh (2-9). Xdc dinh tdn s6 dao dong riéng va dang dao déng riéng, kiém tra
diéu kién truc giao cdc dang giao dong riéng. Chuédn hod cdc dang dao dong riéng va

2 x . m/
kiém tra di¢u kién tryc chuan. Cho m, = Vil

EJ = const m, = 2m,

02 T 12 T

I |
Hinh 2.9

Hé nay c6 hai bac tu do, ma tran khai lugng caa hé:

pi=m (3 155 1]

(F]- 81 By | _ P [2 5 ¢ 2 5
8, 0| 48EJ|5 16| °|5 16

Xdac dinh tan s6 dao dong riéng theo phuong trinh (2-40):

Ma tran mém:

mf* 1
, U
192E] ®2

[Fllm)-L1s] -

W

(4a—u) Sa
10a (16 —u)

=0, trong dé: a =

Khai trién dinh thifc ta nhan duge phuong trinh:

u’-20a.u+14a2=0
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Nghi¢m cla phuong trinh nay: u, = 19.27362a; u, =0,72638a.

Do dé:
3,156 ﬂ
0, |16,258] /- ¥ m

Xic dinh cdc dang dao dong riéng theo (2-46)

{(P?} = —[Bl | ]" {B]} - 1620_ﬂm . Thay u| va u, & trén vio ta dugc:
{cpf} = 3,054722
{(p"‘} =-0,6547236, Vay [®]= : !

S T 3,054722  —0,6547236

Ta kiém tra diéu kién truc giao (2-58):

(o, [M]{o,} = {1 3,054722} [3 ﬂ {1—0,(3547236}2

=11 3.054722} { =2-3,054722.0,6547236.=0,15.10 =0

—0,654722}
Nhu vay diéu kién truc giao thoa min. D€ chuan hod cdc dang dao dong riéng, ta tinh
céc hé 50 a; theo (2-68):

, 1 2 0 I
a, = = = 3
at ={o ) [M]{o)} {13,054722}{0 1}““{3,054722} 11,331326m,
Do dé: a, = 3,3662./m,
R o 2 0 1 )
a3 ={o,} [M]{e,} = {1 0,6347236}[0 Jm(,{MO,6547236}—2.4286629m0
Do d6: a, = 1,5584167 \Jm,, .

Dang chuén duge xac dinh tir (2-69):
) {o, 2970705} 1

; .
1 = 33662, r 13054722} 0907463 | /m,

fo,) - 1 0.6416769] 1|
o = L 15584167 |0,657236]  |-0.420121] fm.
Ma tran dang chuén:
(0] 0,2970705 0,6416769 | |
171 0,907469  -0,420121

Joe
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Ta kiém tra diéu kién truc chuan (2-70).

1 0,2970705 0,907468 |12 O 0,2970705 0,6416769 | 1|
l: dl}[M][q)Lh] I3
,/ 0,6416769 —0,420121 1 0,907468 -0,42012

V m()
0
Hl= =|E
Nhu vay diéu kién truc chuan thod man.

§8. DAO PONG TU DO HE. HOU HAN BAC TU DO
Phuong trinh vi phan dao dong tu do nhu da biét (2-33):
[MI{5} +[K]{y(O} ={o} (2-73)
Nghiém riéng thit i ting véi dang dao dong thit i viét theo (2-34):
{vi}={A,} sin(ot+7,)1=12,..n (2-74)

Trong dé {A i } va v; dugc xac dinh tir diéu kién ban dau ctia hé (cdc toc do ban dau va

cac chuyén vi ban ddu). Tuong tu nhu déi véi dao dong ty do clia hé 1 bac tu do & dao
dong cha hé hitu han bac tu do, nghiém (2-74) ciing con viét duoc o dang (1.45):

{y;()} ={B;}.cosw;t +{C,}.sino;t (2-74y
Véc 1o van téc:

{%,(0} = -0, {B,}.sinw,t+©, {C ] cosv;t
Cic diéu kién bandaw:  {y,} {v }

-

37 }m, = {_"?}

Thé cdc diéu kién nay vio phuong trinh chuyén vi va phuong trinh van t6¢ d trén, ta sé
nhan dugc:

Do dé: {yi(t)} :{ }coec) t+{ } su:nu) ! (2-75)

Trong dé {y‘i’}, {\"‘l’} la véc to chuyén bi ban dau, va vécto 16¢c do ban ddu tic dung

vao hé gav nén dao dong tu do cua hé tng véi dang chinh tha it {yi (1)} . No6i cach khac,

ching la cdc vée to do cic vée to chuyén vi ban ddu va toc do ban dau clia hé dugc khai
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trién vio dang chinh thit i. Téng cha cdc véc to nay chinh bing véc to chuyén vi ban dau
va véc 10 tdc do ban ddu cla hé.

{vo}={sr}+{vs) ot {oif+ o+ {vi) (2-76)
o= vt s+ vl
Dé xdc dinh {y!}, ta dat:
{yr} = [M}{o;} (2-77)
Pua (2-77) vao (2-76):
vol =y [M]{e )+, [M]{o,} +..+ o, [M]{@, } +.. v, [M]{0,}  (2-78)
Nhan trdi 2 vé ciia phuong trinh (2-78) véi {p;}", ta c6:

fod (v} = o} Mo+ o} Mo} v e o) (M), )

St dung tinh chat truc giao (2-58) d6i véi v€ phai cua phuong trinh trén, ta duge:

{o) v} = {0} [M){a,)}

Tir biéu thic ndy, ta it ra:

o) {v.}

ol Mo e

Dua (2-79) vao (2-77), ta duoc:

AR 20)
{o.} [M][o]
Véica he (i = 1.2...n) ta ¢6 ma tran khai trién chuyén vi ban dau:
Yir Yoo e ymki
[y J=[ st o =l v (2-81)
Yar Yz oo Yan

Tir (2-76) ta c6 diéu kién kiém tra theo hang sau:

Vi =2 ¥y :(y‘;(1 + ¥y +...+y;’(n) . K=1.2,..n (2-82)
i-1

Tuong tu nhu qud trinh trén, ta cing nhdn dugc véc to téc do ban dau khai trién vao
dang dao dong riéng thit i nhy sau:
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o o v} | 2-83
e e M -

Ma tran khai trién t6¢ do ban dau déi véi ca hé:

(%) (b} 0
Vir Viz2 o Vi
\',,(, v(] L vﬂ
a Y2 2
Vi J=[ o }{vs) -t )= “ -84
(4] (4] O
_vnl Vn2 Vnn_
Cong thitc kiém tra theo hang:
n
(4] (1] 0 (4]
=2 Vi =(VK|+VK2+---+YKn) (2-85)
i=1

Cudi ciing 1a cé phuong trinh dao dong tu do clia hé hitu han bic tr do viét & dang
(2-75) nhu sau;

@} = Y K0+ Vi [{K 0] (2-86)
Trong dé: ]: 1?11] [V,‘('h} duge xdc dinh theo (2-81) va (2-84). con cic véc to
{Km(t)} va {Km(t)}

{K,, (0= (2-87)

sinom,t

Wy
sino,t
{KW(U} o, (2-88)

S (1)nt

w

Phuong phip giai bai todn dao dong tu do hé hitu han bac tu do ¢ trén goi la phuong
phdp khai trién theo cdc dang dao dong riéng. o) day 1a khai wrién tryc tiép nguyén nhan
tac dung bén ngoai theo cdc dang riéng. Phuong phdp nay con goi la: phuong phip dua
trén cdc dac trung tan s6, hoac phuong phip cong dang dao dong; phuong phdp c6 thé
duge dién dat ¢ nhiéu cdach khdc nhau, sang phin dao dong cudng bic cua hé hitu han
bac wu do ta xét nghién ciu cu thé hon.
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Thidu 2.6

Cho hé c6 2 khoi lrgng tap trung hinh
(2-10), hé chiu tic dung cla diéu kien  EJ

m,=M m, =M
b —’_ ._
ban dau: S% ”;7’ ”gm
{y}l:“ = {yo} = {O} : l 12 ! if2 __!_ i?2 ]L. ”2‘.‘{
{y}l:() :{V()}’: {lz}vu Hinh 2.10

Xac dinh dao dong tu do cia he

Véc to tan s6 dao dong riéng va ma tran cic dang dao dong riéng ctia bat todn nay da

c6 0 thi du (2-2):
6,9282 | [EJ rol
to} {10,4745} M7 [2] [—1 1]

Ta xdc dinh t6c do ban ddu khai trién vao c4c dang dao dong rieng theo cong thire (2-83):;
512
T a-gth,
; 0 v, 1 I 0} 1 1 v,
{"l}:_{’;}_{_}_[M]{‘p'}: 1 o[ 1 M[o 1}{—1}:{—1}'7
(o} [M]{o,} {I_I}M{ 1]{ }

Ty {1 1} 2 A\
{\,u}_ {02} v} [M]{(Pz}‘ {1}

el Dl ! OHI}ME) § BN

Vay ma tran téc do ban ddu khai trién vio cic dang dao dong riéng ctia hé:

DY heed L]l b 3] e
NARIRCH R
Kiém tra theo cong thirc (2-85):
Vi =V v, = [%vn +§"u] =2v, : Ding
Vy = Vs VY, = (—lvu +Ev”] =v_ :Ding
ST 2 2
Véc t chuyén vi clia hé - phuong trinh dao dong ty do duoc xdc dinh theo cong thirc (2-86):

sin ot

{Y(l)}=[VLL]{K\,U(I)}={_11 ﬂ"? o,

sin m,t

(0p)

106



7 _'. t 3 n- ‘yt .
Yy SOL N, SN, (0,07217sin@,t +0,1432sin o,1) .
2w 2 o, m/{”
= V, "
N EJ

[—v‘, sinet 3v, sino,t JJ (~0,07217sinw,t +0,1432sin o,t

{y(v}=

2 o, 2 o,

$9. PHUGNG PHAP LAP NANG LUONG XAC DINH TAN SO VA DANG DAO
PONG RIENG HE HUU HAN BAC TU DO

Nhu di trinh bay ¢ chuong 1, phuong phap nang luong duge dua trén dinh luat bdo
toan ning lwong: Trong qué trinh dao déng téng dong nang va thé nang cua hé luon la
mot dai lugng khong déi. VG6i he mot bic tr do, tn s6 dao dong riéng dugce tinh theo
cong thite (1.64). Noi chung sir dung phuong phdp nang lugng cho bai toidn dao dong
rieng hé mét bac wr do 14 thuan lgi va don gian, nhung trong thuc t€ véi nhiéu cong trinh
cin yéu cau tinh toan véi do chinh xac cao doi hoi phai phan tich dao déng cua hé véi
mot $6 tan so thdp va cdc dang dao dong riéng tuong ng; cac két cau cong trinh thuc ¢
sO bac tr do 1a rat 16n, viéc xdc dinh tan s6 va dang dao dong riéng nhu §4, §5 chuong
nay la kho thue hién duoc. Vi vay, ngudi ta dua cdc phuong phdp gin ding didn (phuong
phdp lap) nhd su trg gidp cla mdy tinh dé giai quyét bai todn dao dong riéng ¢ 1dn cho
phép nhan duogc két qua tin cdy. Dudi day s€ dua ra phuong phdp lap nang lugng xac
dinh tan s6 va dang dao dong riéng cua hé hitu han bac tu do.

O bai todn dao dong riéng, véi hé bién dang hitu han bic tu do, cdn hiéu rang: Pudng
dan héi ctia mét dang dao dong riéng chinh 1a do luc quén tinh tuong ing gay ra, bdi vi
phuong trinh vi phan dao dong cia bai toan dao dong rieng la phuong trinh vi phin dao
dong wr do khong xét dén anh hudng cha luc can, nghia 1a, khi xét dao dong riéng, thi
lyc quén tinh bang luc dan hoi. Ta s& xé4c dinh dong ning va thé nang cuc dai ling véi
moét dudng dan héi trén co sd cdc luc quén tinh va cdc chuyén vi tai cdac khéi lugng do
cac luc quan tinh cua hé gy ra, sau do s€ tinh duge gid tri tan s6 dao dong riéng. Lap lai
qud trinh xdc dinh luc qudn tinh Ung véi dudhg dan héi mdi, va xac dinh chuyén vi do
luc quan tinh gay ra s€ xdc dinh duoc tan s6 dao dong riéng c6 gid tri chinh xac hon lan
trude. Qua trinh 1ap can phai dam bao diéu kién truc giao cia dang dao dong riéng sau
vdi tat ca cdc dang dao dong riéng trude do.

1. Xic dinh tan s6 va dang dao dong riéng thu nhat: o, {o,}

Budc 1: Chon ham dan (duong dan hoi) thoa min dicu kién bién hinh hoc va phi hop
vai dang dao dong riéng {0, )

(©)

Py
(@

{(p(lo)} — P2

(o)
(pnl

——

(2-89)
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Bue 2: Xdc dinh luc qudn tinh 16n nhat (theo thdi gian) ing v6i ham dén trén

)=t D)
Chon o, = 1 (c6 thé 1dy o, , bat ki), ta c6:

(P} =[M]{o"} (2-90)
Buc 3: Xdc dinh chuyén vi do lyc quén tinh tren gay ra:

o} =(FIR ) =[F Mo}
Hay {7} =[B}{e}”} (2-91)
véi [B] = [F] [M] (2-92)
£0i i ma tran xdc dinh dang dao dong riéng thi nhat

Trong dé [F] la ma trin mau.

N @
H

Biroe 4: Xac dinh thé nang cuc dai (cong ngoai luc) cha luc qudn tinh tng véi cac
chuyén vi.

Ut :%{P‘gl)}'r {Fp}”} 1 {(p(]n} {P‘j”} _ 2{ m} [M]{ (o)} (2-94)
Biie 5: Xac dinh dong nang cuc dai cha hé
T -é{ 5 M) (2-95)

Buce 6 Xdc dinh tan s6 dao dong riéng o,

(O)(ll)) - U:.)n - 2 (2-96)

Buoe 8: Lap lai bude 3
R e ()

Breere 9 Lap lai budc 4
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v, =2 (@) [Mlfe}
Buroe 10: Lap lai bude 5

Tom = %{ﬁ’-’}T M}{7®)
Buoe 11 Lap lai budc 6

L
2

Mot céch tdng quét, & ldn tinh thit s, ta ¢6 tan s6 va dang dao dong riéng thit nhat:

{ m} [B]{ = n} (2-97)
LT .
(w(s))2 2{({)(‘)} {M]{(P(' ])} * hoic: ( (5))2 (Pg(5 11) (2-98)
) e %
{(pp} {@q} @L) (2-99)

Khi S — oo, thi: o\ — @, chinh xdc. Qui trinh lip s& dimg khi gid trj tin s6 dao
dgng riéng o hai lan tinh lién tiép sat nhau theo yéu cdu.
2. X4c dinh tin s va dang dac dong riéng thit hai: o, {¢,}.

Biee [: Chon ham dan thoa man diéu kién bién hinh hoc va phit hgp véi dang dao
dong riéng {(pz} .

H
{"(0)} (PE;;) . . . e
Qy (= ; véc to nay chua truc giao véi {o, } (2-100)
(P(‘I;)
(0} (o)
o Mo} o I}
Bucie 2: Xac dinh hé so truc giao: a, = = (2-101)
{0} [M{o.} M,
Buge 3: Thiét lap véc to {(p;(”)}lhéa man diéu Kién truc giao véi véc to {¢, }:
*o ~ (0} 0)
f) - {(Pz }—a (o) = [T]{(p(z } (2-102)
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Vi [T,] ={[E]— {‘Pl}{;}T [M]}

1
[T,] goi 14 ma tran dam béo diéu kién tryc giao.
Lay: o) = {01} 2
P2
Buée 4 Xdc dinh lyc quén tinh 16n nhat ing véi {(p;(”)} :
(R} = (vl {or )
Bise 5 Xdc dinh chuyén vi do luc quan tinh gay ra:
{03} =[F{B} = [FI[M]{0;} = [B][T; {5}
o}l

Vi B,] =[B] [T)]
gol la ma tran xac dinh dang dao dong riéng thir hai
. 1
5 ) 0
Lay {("2 } {(pz } )
iz

Biroe 6: Xac dinh thé nang cuc dai
1~ T o
0t - o) et
Buoe 7: Xéac dinh dong nang cuc dai.
(l) 1 (1 5}
ol =150 ot

Biroe 8: Xac dinh tin sé dao dong riéng.

o LT b
S0} et
Biroc 9: Xac dinh hé s6 truc giao cua {‘P(z l)}

M,

a, =

Buoe 10: Thiét lap véc to {(p;“)} thoa man diéu kién tryc giao vdi {@, }:

o} =[n]{ol} s Lay {‘P(z')}z{"’;(”}'glzﬁ

12

Qua trinh tinh dugc 1ap lai tir budce 4.
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3. Xac dinh tan s6 va dang dao dong riéng tha ba: o, {¢;}
Qud trinh tinh todn tuong ty nhu trén, ldc ndy ma tran dam bao diéu kién truc giao
{o.} voi{o, ) va [} la:

T
[1,)=[1]- 1Ll M) @)
M,
Ma tran xac dinh dang: [B:] = [B].[T,] (2-113)

Mot cich téng quat, déi véi dang dao dong riéng thit i khi can xac dinh @, {¢,} ta cé
ma trin dam bdao diéu kién truc giao va ma tran xdc dinh dang nhu sau:

I e
[T.1=I[T.] —M—_{(p,-_,}{(pi_l}l [M]: (2-114)

i~
[B1=1[BI.[T.] (2-115)
(i=1:[B,=[B], [T,] =[T,]=(ED
Thi du 2.7:
Xac dinh tan s0 va dang dao dong riéng o,, {@,}; ©,, {¢,}, cia khung 3 ting, 3 nhip
trén hinh (2-11) a) Biét: Do cimg cic tang 1a K, = 28,446T/cm, K, = 29,57T/cm,

K, = 25,862 T/cm; Trong lugng phin bd theo chiéu dai cic tdng la q, = 6,82T/m,
q. = 6.82T/m, q, = 3,5T/m.

2 147 1,448
9z 47
ral
4
k
R ¥ 17
Z : 0,107 1443
44 3
—L ] 2
1 1 1
&m Ky
_L/777' WJ/Z’? T 7 Loy} toal 93
Te T 8 7 e 7 )
\ ! ! | ST 7 T
a) b) ¢ d)

Hinh 2.11

Ma trin ciing cua hé vi ma tran mém céc heé:
2,2433  -11434 0O 1 I

1
[K]=|~11434 2,1434 -1|25862T/em; [F]=[K]' =|1 1962 1,962
0 -1 j 1 1,962 30619

c
28,4456
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Ma tran khoi luong cia hé:

m 0 0 P00
[M]=[0 m, 0 |=l0 1 0 [125135107°Ts*/cm
0 0 myl [0 0 05132

1. Xdc dinh tan 56 va dang dao dong riéng thit nhdt w,, {¢,}:
Ma tran xdc dinh dang tinh theo (2-92):

11 1 1 0 S
[B,]=[B]=[F][M]=|1 L1962 1,962 [[0 1 O .%

1 1,962 3,0619(|0 0 0,5132 ’
0,5132

1,962 1,0069 | .s*

\ !

[B,]= 1

T 227.319

1 1,962 11,5714
Qui trinh tinh lap tuong ting véi cdc cong thite (2-97), (2-99) duge cho & dang bang sau

1 1
{a1”} =[B, {0l ")

0,5132 ] |1

2.5132
| 1962 10069 |d1be—1 39689} =
227,319 227,319
1 1962 1.5714 | 1 4.5334
{0}
25132]] 1 35053t 1 3702761 1 L73038|| 1 373417 [ 1
3.9689 b|1.5796  5.9154{1.6876 6.30282] 1.7022  6.3574

1,7041  6,3646|<1,7043
4,5334]11,8038 6,9337||L,9781

7.41946{|2,0038 7,4884(|2,00734 7,4978 |2,0078

@) o'} @) el a7} o) @) el {87 o)

¢y 0
Ta ldy dang dao dong riéng thi nhat & lan tinh thit 5:

-
{(p]} =<1,7043 * - mé ta trén hinh (2-11b).
2, 00'78_[

Tan s6 dao dong riéng duge tinh theo (2-98):
S ofY  2,00734
wJ; _ [w(la)} LTI .007

o= .227,319:(7,8012)2.[l
P 7,4978 S

)2
I
o, =78012.— .
s
2. Xdc dinh tan 50 va dang dao dong riéng thit 2: o,.{¢,}

Ma tran dam bao diéu kién truc giao cia {cpz} véi {(pl} duogc tinh theo (2-103)
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0 0 2,0078

1 10 0
[ o o] 11704 {1 1,7043 2,0078}/0 1 0O
[r]:[F]_{(p,}{(p,}T[M]_O | ol 120078 0 0 0,5132
I o M]{0,) 0o 1 1 0 0 ]
(11,7043 20078}{0 1 1,7043
0,5132

0,8322935  -0,285311 -0,1724962
[T,]=) -0.285311 0,5137445 -0,2939852
-0,3361189 -0,5728474 0,653662
Ma tran xéc dinh dang duoc tinh theo (2-107)
0,3747863 —-0,0655517 —0,131022
[B,]=[B][T;]="--=|~0,0656247 0,1458557 -0,0911227
—0,2553638 -0,1775167 0,2778696
Qua trinh tinh lap tuong Ung véi cong thirc (2-106), (2-108) cé xét dén diéu kién tryc
giao duge cho dudi dang bang sau:

1
227,319

0,3747863 -0,0655517 ~0,131022 1
{(*’ [B](p =1-0,0656247 0,1458557 —0,0911227 1
? 227,319
-0,2553638 —0,1775167 0,2778696 -1
o]
0,4403 1 0,5606 1 0,53908 1 0,518309

0,17135 ;10,38952  (,13818 | {0,24648 0,095826)...| 0,10933  0,05492
-0,71075( -1,61308 -0,77274||-1,37841 —0,68244| |-1,15165 -0,59519

o T I () T U B () TR U B
i 0,518296

1,10598  0,0544681...
—1,148325 -0,593258

) )

Tin 6 dao dong riéng thit hai:

-1,14832
w3(9) = "”12 =— > 227,319 = (20,972, ; 0, =20,97.-
o) —0,593258 s> s

Dang dao dong rieng thi hai: Vécta dam bao diéu kién truc giao.

{ } (T] [ } hodc tinh hé s6 truc giao:
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ag=——1{§ (8)} [M]{g,} =-0,0004438

M,
1,000444 ‘,
fo; ] = {60} ~ag fo,} =40.106715
-1, 147434J
Cudi cung:
L
{9,} =1 0.1066676 } hinh (2-11c)
~1,1469247
Tuong tu ¢6 the 11i€n hanh tinh tn s6 va dang dao dong riéng thit ba:
!
®, ~28.447.1 {@;}=4-1,443} (hinh2.11d)
; 1.448

§10. DAO PONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG XUNG

Nhu di biét khi h¢ chiu tdc dung cua xung lugng, hé s€ dao dong tu do. Phuong trinh
dao dong tu do cia hé hitu han béac tu do Ung véi dang chinh thit 1 duge viét theo (2-75):

{Yi (l)} ={Y?}Cosmiu{vcj}}_smmit

W;

Trong dé{y;’} dugc xdc dinh theo (2-80), {vf;} dugc xdc dinh theo (2-83). Van dé &
day 12 phai xdc dinh {\} nhu the nio khi hé chiu tic dung clia xung tic thdsi?

Ta xem rang tai thdi diém ban diu t = 0, dudi tdc dung ctia véc to xung luong {S,}.
(Véc ta xung khai trién vao dang chinh thif i cua cdc xung luong bén ngoai tac dung vao
h¢), cac khoi lugng cia hé s€ nhan duge vén t6c ban dau tuong wy nhu cong thirc (1-157)
cua hé mét bic tu do:

S.
’?1:L5"g': LS M

m, T, m

Nhu vay, véc to van téc ban dau cta k¢ tng véi dang 1

"~

{\,?}z Vail _ ) B2
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hay c6 thé viét:

L 0 0 S]| !
m,
1 Sy
0O — ... 0 _
fof= " m Lob=IMI s
1
0 0 0 —
\_ an S“i

Néu xem rang chuyén vi ban dau ciia hé bang khong:

{y}={o}

(2-116)

thi, sau khi thé cic diéu kién ban ddu vio phuong trinh dao dong tr do (2-75), ta s& nhan

dugc véc to chuyén vi clia hé ing véi dang i:

{yi([)} = [M]_! {Si } K,i(t)

sin ;1

Trong doé: K=
ﬂ).

{S,} 1 véc to xung khai trién Ung véi dang dao dong riéng thit i.
Pe xdc dinh {S,}, ta ciing dat:

{S)=w[M] {o}

(2-117)

(2-118)

va tién hanh tuong tu nhu khai trién chuyén vi va téc do ban dau vao cic dang riéng &

phan dao dong tu do (§8 chuong nay), sé nhan dugc:

RN
e ey

Trong dé {8} 1a véc to xung lugng bén ngoai tdc dung vao hé.

(2-119)

Gop cic véc to xung khai trién theo cdc dang riéng, ta cé ma tran xung khai trién ctia

cihe:
S Si; S,

[Sial=[{S:).{S:}. {S.}] = SZI Szz Sa

Snl 5"2 Snn

Cong thiic kiém tra theo hang:

Sk =2 Sk =(Sk; +Sk, ..+ S¢,)
i-1

(2-120)

(2-121)
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Cudi ciing ta c6 véc to chuyén vi cha cdc khéi lugng cling chinh 1a phuong trinh dao
dong cua hé chiu tic dung xung nhu sau:

-
{y} =[M] ' [Si ] {Kus (D)} (2-122)
Trong dé, [S,,] 12 ma tran xung khai trién duge tinh tr (2-119), {K, (1)} 1a véc to ¢6
cac phén tur 1a K, (t) duge xdc dinh theo(2-118). Néu xung tdc dung vao hé¢ khong phai
thoi diém t = 0, ma tai thdi diém t = 1, thi véc o chuyén vi clia cac khéi lugng dng véi
dang chinh thi 1 s€ la:

sin®, (t—1)

(v, 0} =[M]" {s;} (2-123)

w;

Vécto luc dan hoi dng voi dang dao dong riéng thit i duge tinh qua luc qudn tinh:
{Py, 0} =—[M]{§; (0} (2-124)
Pua (2-117) v6i dao ham cdp hai twong img vao biéu thitc trén, s& duoc:
{Pd‘i (t)} ={S;} o sino;t
Hay [P0} = {8} K0 (2-125)
Véi: K(t) = osinogt (2-126)
Ki(1) 1a hé s6 dong hoc theo thoi gian dng véi dang 1 khi hé chiu tdc dung xung.

Vécio luc dan hoi clia ca hé:

(0} = {80} { K, ) @-127

Trong do6 [S,,] 12 ma tran xung khai trién clia ca he, {K,(t)} 12 vécto ¢6 cac he s la
Ki(t) duge xac dinh theo (2-126). Ciing cin nhd ring, khi da cé véc to luc dan héi. ta ¢é
thé xdc dinh véc to chuyén vi clia cic khéi luong qua ma tran mém:

{y(O} =[F] {Py(0)} (2-128) 5= 0.1hNs
T véc to luc dan héi, ta ¢6 thé xdc dinh £ '“‘i M2
chuyén vi va noi lyc cta cic diém batkictahe % A be ¢ 1
qua ma tran anh hudng chuyén vi va ma tran - N I
anh hudng ndi luc.

Thi du 2.8:

He chiu tac dung xung cho trén hinh (2.12a). b)
Hay xé4c dinh mémen uén tai vi tri khéi lugng
m,. Cho E = 2,1.10%kN/ecm*J = 21720cm’,
m, =m, = M =0,023kNs’/cm; / = 3m. Hinh 2.12
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1. Xdc dinh tdn s6 va dang dao dong riéng
O thi du (2-2) ta da c6 két qua tdn s6 va dang dao dong riéng:
o] [6,9282 EJ [187] 1 11
fol :{m }2{10 4745}= VMP {284}? 2] =[-1 1]
3 ,

2. Xdc dinh xung khai trién theo cdc dang riéng:

S S 0,01 .
Vécta xung téc dung vao hé: {S} = { : }={ }= { }.st
s,/ o] ] o

Tinh vécto xung khai trién vao dang chinh thi i theo (2-119)

: (-
{8,}= {o,} {S} [M]{e,} = {0}

m _I}M[l OH 1}ME) ﬂ[_f};{_ﬂ

S
L 1}1{00}]{1}% i

Ma tran xung khai trién ctia ca hé:

[Sku]=[{S:}. {S:}] = ;‘{—11 11}

3. Xdc dinh véc to liuc dan hoi: theo cong thite (2-127)

(PO} =[S} K (1)} = _i_[_i 11} {wl Sine,t } )

@, SIN (,l)zt

S {(m] sino,t + @, sin,t) }
2

4. Xic dinh momen udn tai A

(-, sin@t + @, SIn®,t)

Tir bigu db trang thai don vi cho trén hinh 2.12b; ta c6 gia tri momen uén tai A do luc
P =1 dat tai A va B gay ra la:
134 =3/
M 64 A2 64
Vay, mémen udn tai A sé la:
P, (1)

> ([)} =My, Py (0+ M, Py (D)
d,2

Mu(t) = {Mm ' MAQ}{
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S|131 . : 3l : .
M,()= E{a(col sinw,t + 0, mncozt)—a(mm1 sino,t+w, smcozt)}

M, (1) =7,0125(sin 187t + 0,94sin 284t). KNm

§11. TINH DAO PONG CUOGNG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP KHAI TRIEN TAI TRONG THEO CAC DANG RIENG

1. X4c dinh tai trong theo cic dang riéng

Tuong tu nhu cic phén trudc, véeto tai trong dong bén ngoai tic dung vao h¢ duge
khai trién vao cdc dang dao dong riéng:

(P} ={P, (0} +{P, (O} +...+ {P(O} +...+{P,(1)}
Ta cting dat:
{PO} =0, (0[M]{0;}
Va tién hanh tuong tu nhu khai trién chuyén vi va t6c d6 ban ddu vao cdc dang riéng &
phan dao dong tu do, s€ nhan dugc

[0 P} _
{P}= o) [M]{(p,}[M] {o,) (2-129)

Khi chi khai trién vécto cudng do tai trong dong bén ngoai, ta cd:

__ {oi}{P}
{R}—{ M }[ e} (2-130)

Gop cdc véc to tai trong theo cac dang riéng, ta dugc ma tran tai trong khai trién cla

ca hé:
P, B, .. P,
[Pl =[(R}P 2] [ 72 @130
P, P, .. P,

Tai trong dong tac dung tai khéi lugng K dugc kiém tra theo hang:

i=1

Viéc thiét lap ma trin tai trong khai trién (2-131) tir cdc vécto {P,} duoce xdc dinh theo
(2-130), nhu vay la ta da khai trién ti trong dong bén ngoai vao cdc khéi luong clia hé
theo titng dang dao dong riéng, ciing ¢ nghia la ta di xdc dinh timg cdt cia ma tran
[Py,). Ta ciing cé the khai trién tai trong dong bén ngoai theo cic dang dao dong riéng
vao tiimg khoi luong thit K ctia hé, nghia 1a ta di xdc dinh timg hang cua ma tran [Py, ],
coéng thice duge tinh nhu sau:
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T . ~1py ,1-1
{Pc} =mg diagoy [@] {M] {P} (2-133)
Trong d6: diag @y; 12 ma trdn chéo cé cdc phan tir trén dudng chéo chinh 1a @;,
1=1,2,..n
{P) 14 vécto cudng do tai trong dong bén ngoai tic dung vao hé.

Khi diing dang dao dong riéng da chuin hod, céng thic {P,}" s& don gian hon:
{PK}T = my diago; [(Dch ]T {P} (2.134)

2. Phuong trinh dao dong cua hé

Khi hé hitu han bac tu do chiu tic dung cia tai Pt
trong dong co quy luat thay déi bat ky theo thoi Pr
gian, dé tim nghiém tng véi dang dao dong riéng
thit i trong trudng hgp niy ta c¢é thé st dung
phuong trinh nghiém cua hé hifu han béic tu do

chiu tac dung xung. Muén vay, trén biéu d6 tai ° -
trong (ng v&i dang chinh thit i, ta tich ra mét phin AR
(6 tai trong (ng vdi thoi diém 1 (hinh 2.13). Xem
rang tai thoi diém t hé chiu tdc dung cia xung Hinh 2.13
lugng phén té {dS,}:

ds],’ Pli.t dt

ds,. P, dt

{ds,}=4"% =42 " Lafp }dr
ds, P.. dt

Xung lugng phén td nay s& gay ra chuyén vi dugc xdc dinh theo (2-123) nhur sau:
sino; (t—1)

{dy, (0} =[M] " {P, }dr. o,

1

Chuyén vi toan phan 12 tich phan biéu thic trén:

{v; O} =M {P}K,© (2-135)
Trong dé: {P,} 1a vécto tii trong khai trién vio dang chinh thit i duogc xdc dinh theo
(2-130):

1! .
K, (t)=— [f(t).sino,(t~1)dt (2-136)
Vécto chuyén vi ca hé bing tong cdc véc to chuyén vi déi véi céc dang riéng:
_l .
@} =[M]" [P { K0} (2-137)
Trong d6: [Py,] 12 ma tran tai trong khai trién theo cdc dang riéng dugc thiét 1ap theo
cong thirc (2-131); {K, (1)} 12 véc to ¢ cac phan tir 1a K (t) duge xdc dinh theo (2-136).
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Ta thay rang, phuong trinh dao dong hé hitu han bac ty do (2-137) c6 dang tuong tu
nhu phuong trinh dao dong hé mot bac tir do (1-185).

y(t) = ML {P(u)sina(t - )dt=M "' P, K, (1)

: [&]

Véi: K, (1) -1 [f(x).sino(t-1)dr
Q)]

3. Biéu thirc lwe dan hoi
Luc din héi cé thé duge x4c dinh tir ma tran cing [K] va véc to chuyén vi dong {y(1)}
cua hé di tinh duoc & trén.
{Py 0} =[K]{y®)} (2-138)

Ta ciing ¢6 thé xac dinh lyc dan hoi il ma tran tai trong khai trién theo cic dang riéng
vl véc to hé s6 dong hoc theo thoi gian. Tuong tu nhu luc dan hoi ctia hé mot bac tr do
chiu tai trong dong bat ki (1-191).

Py =P, K@)
1
Vi K(t) =0 [f(1).sinot-1)dt
G hé hifu han bac tu do, véc to luc dan hdi tng véi dang dao dong riéng thir i duge viét
nhu sau:
{P, (0} ={P} K1) (2-139)

Vi {P;} 1a vécto tai trong khai trién tng véi dang i, K, (1) 1a hé s6 dong hoc theo thai
gian ting vdi dang i

K, (1) = o, [f(t).sino;(t—1)dt (2-140)

Tir cdc véc to luc dan hoi ing vt cdc dang riéng, ta s& ¢6 vécto hue dan héi cla ca hé:
{Py (03} =[Py, 1K, (D} (2-141)
Trong d6 [Py,] 1a ma trdn tai trong khai trién theo cdc dang dao dong riéng duoc thiét
lap theo (2-131), {K, (1)} 1a vécto ¢6 céc phan tir 13 K,(1) duge xdc dinh theo (2-140).

K (1)

K
K} = (0 (2-142)
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Thi du (2-9): Xdc dinh chuyén vi tai cdc khéi lugng ctia hé cho & hinh 2.14, cho

. f EJ
m; =m,=m;= mT[ s P (1) = Py(t) = P5(t) = Psinrt, r =10 —? . EJ = const.
m

P P.dt) Pyt
m, m, my
4 i | " | 14 ”;f
l I i

Cah\ Y

I
i

Hinh 2.14 |
{.Tdn 36 va dang dao dong riéng
Hé nay ¢6 3 bac tu do la 3 chuyén vi thang dimg tai 3 khéi lugng.
Ma trin khéi lugng cha hé:
1(1 0 0
[M]= mT 010
0 01
Ma tran do cing tinh duoc két qua nhu sau:
7296 -4584 1728
[K]= 10 E; -4584 5568 -3720
1728 3720 3840

Tan s6 dao dong rieng duoc xédc dinh theo phuong trinh (2-37):

15,504
{0} ={49.052} .~ =
V' m

91,53

Cac dao déng riéng duoc tinh theo cong thiic (2-46), ma tran cdc dang dao dong riéng la:
1 1 1
[®]=[2.221 0,421 -0,954
1,878 1,02 0,596
Chuan héa cic dang dao dong riéng theo (2-69):
0,3251 0,6726 00,6644
[©.] =i 0,7221 0,2771 -0,6338
0,6106 -0,6861 0,396

Jm/

Trong d6: a=

B’ | —
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2. Xdc dinh 1di trong khai trién theo cdc dang riéng

T
\ . ) {(Pi}{P}
* Sir dung cong thic (2-129): {P;} = [M]{(pi}
{ol [M]
| p 0,325) 0,539
{P}=-1{0,325 0,7221 0,611} {p 0 a2 0,722 - =141,1973/p
a
) p 0,611 1,0131
(p][1 0 0][0,6726| [0,1774
{P,} =10,6726 0,2771 -0,6861) 1p: 0 1 0|3 0,2771 ; =<0,0731;p
pJ|{0 O 1|-0,6861] |0,1809

p|[1 0 0][0,6664] [0,2836
{P;}={0,6664 -0,6338 0,396} <p:(0 1 0{-0,6338;=5-0,273;p
pj|0 O 1]| 0,39 0,1697

Vay:
0,539 1,1774 0,2836
{Po}=I[P, B, P,1=|11973 10,0731 -0,273|P
1,0131 —0,1809 0,1697

Str dung cong thiic (2-134): {PK}T = mydiagQg; [d)ch ]T {P} :

[ 03251 0 0 0,3251 0,7221 0,6106 |(P
{P]}T:mldiag(pli[(bch]T{P}=mT-l 0 06726 0 |L06726 02771 -0.6861(P
a

0 0 0,6644]"|0,6644 —0,6338 0,396 ||P

03251 0 0 (16578 0,53895
IP)'=| 0 06726 0 [{0,2636/P=10,1773 |P
0 0 0,6644 | |0,4266 0,2834
1,197
T : T
{P,}' =m,diage, [Py | {P}=10,0731 }P
1-0,2725
1,0122
T . T
{P;} =mydiagey [®,,] {P}=41-0,1809 P
0,1702

Cic két qua nay ding véi két qua da nhan duge theo cich tinh dp dung cong thic
(2-129) & trén, ¢6 sal s6 rat nho.
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3. Phutong trinh dao déng cua hé
Trudc hét ta tinh cdc phan tir cia vécto cac hé s6 anh hudng dong hoc theo (2-136).

L i sinrt
K, (t)=— [sinrtsine;(t-t)dt = o
2_

Thay cdc gia tri @, vdo cong thic trén, ta ¢6 dugc vécto cic hé s6 anh hudng déng hoc
nhu sau:
K, () {0,0072825 \
{K, (D} ={K,, (1) ; =40,0004336 -—H}—;—sin 1t
K,;(t)] 10,0001208
Chuyén vi clia he dugc tinh theo (2-137)
0,539 0,1774 0,285] [ 0,00728 |
(Y = [M] "' [P, [{K (D} = % 1197 0,073 0,273 |P| 0,000434 | sinrt =
1,0123 -0,181 0,169 |0,000121

0,01615]
=10,03462 P—‘}ﬁm
0,02962
Thi du 2.10:

Xdc dinh chuyén vi tai cic khoi lugng cia hé cho bdi phuong trinh cén béang luc sau:

2 0y, . 6 -2|ly.|_|0
0 1]]%,] |2 4]ly,] |10
1. Xaic dinh tan 56 va dang dao dong riéng.

Theo phuong trinh (2-37) [K]-o? [M]|=0 ta duge

6—2u) -2 ) N
( 5 ()4 ) =0, trong dé: u = ©’, khai trién dinh thiic va giai phuong trinh ta nhan
- -u
dugc: u, =2; u, = 5.
2
V5

Cac dang dao dong riéng dugc xac dinh theo cong thitc (2-46), két qua nhu sau:

(@)= E —12}
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Dé chuan héa cic dang dao dong riéng ta sl dung cong thiic (2-68) va (2-69), két qua
ta nhan dugc:

112
J3 2V3
[chh]:
12
NES 3

2- Xic dinh tdi trong khai trién theo cdc dang riéng
Sir dung cong thirc (2-130) ta dugc:

{P,}=g{f},{P2}=%{_22} Do dé : [th]=§[12 _ﬂ
3. Xdc dinh chuyén vi tai cdc khoi lugng clia hé
Tir cong thitc (2-137) ta ¢6 pharong trinh dao dong cuia hé nhu sau:
1[1 0]1[10 4] [a-cosv20)|
5_0 2}_[ 5 4 :| {(l—cos\/Sit)J) -

Y =
(Yo} 3
l—%cosxﬁt +%cos J3 t)

N

3—%(:05\51—%005\/5 t]

4. Xdc dinh luc dan hoi theo (2-141)

b

1012 -2 (lucosﬁt)
Pl = [th]{Ki(t)}:_f’)—L 2 }{(l—cos \/gt)}

10{(2005\/51—2005\/50 }

(P)}=— -
‘ 3 (3—005\/2t—2COS\/§t)

5. Xdc dinh chuyén vi ctia hé theo (2-128)

(veo) = [FliRw) -5

20

4 2}&{(20%@%2005\/—2—0 }ﬁ

2 6] 3 [(3-cosv21—2cos V/51)

[l—écosﬁwgcos\/gt}
B 3 5
(3—%008\/5 t—%cos\/gt]

Gid tri chuyén vi nay c6 thé nhan duge tir (2-137)

Nhé ring tir luc dan hdi da nhan dugc & trén ta khéng chi xédc dinh duge chuyén vi ma
con xac dinh dugc ca noi luc clia diém bat ki trén hé. Viéc xac dinh noi luc ¢6 thé duoc
tién hanh trude viéc xdc dinh chuyén vi ctia hé.

124



§12. TINH DAO PONG CUONG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP TOA PO TONG QUAT
1. Toa do tong quat

P61 véi dao dong chia hé hiu han bac tu do, chuyén vi ciia hé ¢6 thé phan tich thanh téng
clia cdc chuyén vi thanh phan img v6i timg dang dao dong riéng.

{Y()}= i{Yi(t)} ={Y, O} +H{Y, O} +..+ {0} + .. +{Y, ()} (2-143)

i=1

Pé xdc dinh cdc chuyén vi thanh phén {Yi([)} , & phuong phdp khai trién i trong
theo cic dang riéng, ta xem {Y,()} duogc gay ra bdi tai trong khai trién theo dang chinh
thiti {P,(t)} chia hé tai trong dong bén ngoai, va mudn tim {Y,(t)} thi trudc tién phai xdc
dinh tai trong khai trién {P,(t)}.

O day, ta xem {Y,(1)} bang tich cia chinh dang dao dong rieng {¢@,} véi mot dai
lugng Z,(t) nao do:

(Y.} ={o} 2 (2-144)

Néu fim dugc céc dai lugng Z,(t) d6, thi ta s& xac dinh dugce cdc chuyén vi thanh phan,
vi do d6 sé€ xac dinh dugc chuyén vi clia hé.

Cidc dai luong Z(t) d6 dugc goi Ia cdc toa do tong quét cha hé. Phuong phép tinh dao
dong clia hé hitu han tu do di tir viée xdc dinh cac toa do t6ng quat duoc goi 1a phuong
phdp toa do tong quat.

Pua (2-144) vao (2-143) ta ¢co:

(YO} ={p,} 2, +{02} Z, +.+ {0} 2, + . +{0,} Z, =[@]{Z(1)} (2-145)

Ta lai 1dy so d6 dim mot dau ngam, ¢6 ba khéi lugng dé minh hoa (xem hinh 2.15):

Y2
/T/
m S om

s A

{Y3} = {(P;x] Zy

{Y) =¢34z} {¥s} =lwat 2,
Hinh 2.15

Tir (2-145), ta ciing thiy rdng: ma tran cdc dang dao dong rieng [®] 1a ma tran dé
chuyén céc toa do tong quét {Z} vé céc toa dd hinh hoc ban dau {Y).

Phit hgp véi tinh chat truc giao cla cic dang dao déng riéng, ta cé thé biéu thi toa do
tong quét Z; bat ki qua chuyén vi clia hé. Mudn vay, ta nhan trai biéu thic (2-145) véi

o} [M]:
o} MI{Y®}={o} M{o} 2,0+ .+ {0} M) {0} Z .+ {0} [M]{o} Z,0)
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Ap dung tinh chat truc giao (2-58) vio v& phai cla biéu thiic trén, ta dugc:
{o)" IM){Y} ={o;} [M){o,} Z®
foud MY}
{‘Pt}T [M]{w;}

2. Xic dinh cic toa do tong quat

Suy ra Z,(t)= (2-146)

Phuong trinh vi phan dao dong coa hé hitu han bic tr do khong xét anh hucng cua [uc
can nhu da biét (2-12) véi C=0.

[M]{ Yo} +[K]{ Y} = (P} (2-147)
Ta s& st dung tinh chal truc giao cua cdc dang dao dong riéng dé xac dinh cdc toa do
tong quat. Mudn vay, trude hét i dua phuong trinh (2-145) va dao ham bac hai cia né:
{ Y0} =[®}iZ(0} vio phuong trinh (2-147), ta dugc:
[M][@]{Zn)} +[K][@]{Zw)} = (P} (2-148)
Nhan trdi hai v& clia phuong trinh (2-148) véi ¢! :
to}' IM][@]{Zw} + o} [K[[@]{Zw} = {o} (P} (2-149)

Khai trién cic thanh phian & vé€ trdi cba phuong trinh (2-149) va sir dung cdc biéu thitc
tinh chat truc giao (2-38) vi (2-39). ta s¢ nhan dugc phuong trinh sau:

{‘Pi}T[M][@i]{zi([)}““{wif[K]{‘pi}-{zl(t)}:{(Pi}v{P(U} (2-150)
Ta dua vao cdc ki hi¢u méi:
={o} Ml{o} (2-151)
{ K] fod (2-152)
1{([):{<p,} 1P} (2-153)

M. duoc goi A khéi lugng 1ong qudt, K, duge goi la do cing tong quat, P(U) - goi 1A
i trong 10ng qudt cla dang chinh thi i. Gilra khoi lugng t6ng quit vi do ciing tdng quat
¢o su lién hé¢ véi nhau badi cong thic (2-60):

[K]foi} = o Mo}
Nhin trai hai v& cla diing thiic trén véi {o, }T , ta dugc

K‘ :(!);'Mi (2'154)

Sirdung cic ki hiéu (2-151), (2-152), (2-153), ta vi€l lai phuong trinh (2-150) nhu sau:

M7 () +K,Z,(ty=P.(1) (2-155)



Chia hai v& cia phuong trinh (2-155) cho M,, ¢4 sir dung (2-154) ta dugc:
. P(1
Z(O+o!Z,(t) = % (2-156)

Phuong trinh (2-156) la phuong trinh vi phan dao dong hé mot bic ty do véi 1an S(‘)/\(Ui.
Gii phuong trinh ndy ta duge nghiém 13 toa do t6ng quét Z(t), né dugc xdc dinh bang
tich phan Duamen (1.185):

t
Zi(t)z—l——nIPi(T)sinmj(t—r)dt (2-157)

Vi bai todn dao dong tu do, phuong trinh (2-156) s 1a:

Z,0)+0/Z;1)=0 (2-158)

Nghiém tuong Gng cua phuong trinh nay nhu da biét o (1.45)

Z.
Z,()=2Z, cosot+—"sinw;t (2-159)

oy

Cac 7, va Zm duge xdc dinh tir diéu kién ban ddu & (2-146) va biéu thitc dao ham
cla nd.

Nhu vay. bang phép bign déi va str dung cac toa do tong qudt (2-145), ta da dua
phuong trinh vi phin dao dong cé su lién hé trong cdc ma tran [K], [M] vé hé chi chiia
cdc phuong trinh vi phan doc lap véi cdc toa do tdng quat, mdi phuong trinh déu ing véi
hé mot bac tu do va dé dang nhan duge nghiém. Dudi day ta s& xét mot sé thi du minh
hoa vi so sdnh véi két qua nhan duge ¢ phuong phip trén.

Thi du 2-11
Tinh dao dong cta hé cho & thi du (2-9) 2 j Pl {,m i”’ﬂ“‘
m,=m,=m,= mT!-r=10\/EJ4: 2 M| M| m ”;”
P,(1) = P,(t) = P,(1) = Psinrt. m | . |
EJ = const.
{. Tan sd'va dang dao dong riéng Hinh 2.16
O thi du (2-9) ta dd c6:
15,504 0,3251 0,6726 0,6664
{o} = J 49,052 \/E . [og]=]07221 0277 -0.6338 1
lorss | Y™ 06106 -0.686 0,396 |

2- Xac dinh khol higng 1éng qudt va tdi trong téng qudt
M, =1, M, =1, M, =1 (vidiung cac dang dao dong rieng di chuin hoa).
Cic tai trong tng quat duge xdc dinh theo (2-153):
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1
Pl([)z{(PI}T{P([)}:i{O,:;ZSI 0,722 0,6106} {1 .Psinrt:l.ﬁS?S-PS‘:”
1
1
Pz([)'—'{(Pz}T{P(t)}=§{0,6726 0,277 -0,6861} {1 .Psinrt:O,2636.Ps;nr[
I
1 |
Rx(t)={(P3}T{P(t)}:»::{0,6644 ~0,6338 0,396} 11 .Psin1~t=o,4266-PS‘a““
1

3. Xdc dinh cdc toa dé tong qudt: theo (2-157)
1! P
ZA(t)=—— |P(m)sinw, (t —t)dt =—-K_ (t
(O0=0 [P.(t)sino,(t—1) i a0

Trong dé:

t ] B rt
K.i(® =L jsinr tsino, (t—t)dt = 52‘“ .
©®

O thi du (2-9) ta di cé: |
0,0072825]
{K, (D} =40,0004336 M Ginn
0,0001208
Vay cdc toa do 10ng quat:
Z, ] (PK, (1) 0,16578.0,0072825
{21} =4 Z, (1) p = { PK,, (1) + =40,2636.0,0004336 M pinr
Z.(] |PKL| [0,4266.0,0001208

0,01207 p
Z} =10,0001142 % -2 psinnt
akJ
0.0000515

4. Chuyén vi ciia cdc khéi long:
0,3251 0.67265 0,6644 0,01207

(Y} =[®]{Z®}=[0,7221 0,277 -0,6338 |10,0001142 ; ——Psinrt
0.6106 —0.686 0,396 ||0.0000515) * =
{0,016144 .
{Y(t)} =0,034868 P it
10,029255

Két qua nay tring véi két qud cha phuong phdp tdi trong khai trién theo cdc dang
rieng da xét o thi du (2-9).
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Thi du 2-12
Tinh dao dong cua hé cho & thi du (2-10), hé cé phuong trinh vi phan dao dong viét

¢ dang:
o a
o 1] |5, |2 4|ly,v] |10
1. Tan sd'va dang dao dong riéng
O thi du (2-10) ta da cé:

1 1 {2

j: 1F 2%
{m}-{ﬁ} lem 2
V3 3

2- Xdc dinh khéi ltgng 16ng qudt va tdi trong 16ng qudt
M, =M, = 1 (vi diing cic dang dao dong riéng di chudn héa).
Céc 1ai trong t6ng quat dugc xdc dinh theo (2-153).

oot ) b

P,(1)= { \/3 \H'{?o}z“m' ;

Cic phuong trinh vi phan dao dong viét véi cdc toa do téng quat theo (2-156):
10

=

Z,(0)+57,(1) =—10\/—§-

3. Xdc dinh cdc toa do tong qudt

Z,()+2Z,(t)=

Nghiém cila hai phyong trinh vi phan trén véi diéu kién ban ddu bing khéng tim dugc
nhur sau:

%(l —cosV2t)

Z,(1)= 2\/2 (~1l+cos x/gt)

Zl([) =

4. Chuyén vi ciia hé

—
]_
| me
I

> i %(l—cosﬁt)

Z\E (_1+cos\/§t)

(Y} =[@){zm} =

Sl- &

w
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(l-—%cos \6(+%COS\/§I)J

N
[3—§cos\/5t—icos \/gt
3 3 J

Két qua nay hoan toan ding vdi két qua da nhan dugc & thi du (2-10).
Du6i day ta s& tinh cdc gia tri chuyén vi ctia hé & 12 budc thoi gian, véi mdi budc
At = 0,28, két qua cho & bang (2-1).

Bang 2-1
Thoi
gian At 2A1 AL | 4As SAL | 6AL | TAt | BAt | 9At | 10AL ¢ 11At | 12AL
i
{ 0,003 (0,038 0,376 [ 0,486 0,996 1 1,66 | 2,338 (2,861 | 3,052 2,806 2,131 {1,157
YU}
0,382 1,41 | 2,78 | 409 | 5,0 | 529 |4.986,4,277 3,457 2,806 2,484 |2 489
Thi du 2-13:
Tml’l da.o\ dc}pg tu do cua l,(hung ba tang cho & thi du (2-3). T
Biét cac diéu kién ban dau cua hé: )
1.5m
1,27 0 T
. ol _ . y . ol _ 2K
(Y} ={Y"=10.01 pem: {¥} ) ={V*} =122,86 fem s om
0,76 0 «
Cac ma tran {w}, [M], [®@] di cd & thi du (2-3)
i ) Y o
- Xéc dinh cdc toa d¢ tong quat tai thai diém ban dau theo
Hinh 2.17

biéu thic (2-146) cho ca hé:

-1 T 8]
{2}, =[M.] [@] [M]{Y")
Trong dé: [M_] 1a ma tran chéo chita cac phan t 1a cdc khéi lugng tdng quat ting vé6i
cac dang dao dong niéng.

1

[M,]-

o o Z

0 0
M, 0
0 M,

1o o]f 1
M, ={o,} [M]{p,}={1 0,644 0,3 0,178}|0 L5 0|{0,644%=1,802.1,78
0o 0 2!|03

M, ={p,} [M]{o,} =2,456.1,78
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M, ={0.}" [M]{p,} =23,11.1,78

Ta tinh:
R S o I[1 0648 030211 0 0 ]
1,802
. 0 L5 0
][ M]=| 0 —— o |1 -0602 -0.678 -
2,456
1 0 0 2
0 0 _
- ° 3arll 258 2485 ] |
0,555 0,539 0,335]
=10,407 -0,367 0,552
0,043 -0,166 0,214
Vay:
| 1,27] (1,503
(z.}=[M. | [@] [M]{L01 }=1-0274 fcm
0,76| 0,048

- Xac dinh dao ham cdc toa do tong quat tai thdi diém ban dau viét cho ca hé theo
biéu thic sau:

0 12,26
(2} =M. ] [o] [MJ{v,} =[M.] ' [®] [M]{22,86 } = {-8.382  em /s
0 -3,81

- Ciic toa do tong qudt cha hé duge xac dinh tir phuong trinh (2-159), & day viét cho ca
hé nhur sau:

Z,(1) 1,503 cosmt 0,846sin ot
{Z(t)}: Z,(1); =3-0.274cosm,t p +9-0.27sin w,t
Z4(t) 0,048 cosw,t ~0,083sinm,t

- Phuong trinh dao dong tu do cta hé:

0,302 -0,678 2,485
1,503 0,274 0,048 cosm,t 0,846 0,27 -0,0838 | {sinmt
=10.973 0,1649 -0,124 | <cosm,t,+|0,5482 0,1625 0,2141 | {sinm,t
0,453 0,1857 0,12 CON| 0,2555 0,183F -0,2602 | |sinc;t

1 ! 1
{Y(t)}:[q)]{za)}{o,ms -0,602 -2,58 [{Z(1)} =
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§13. PHUONG PHAP KHAI TRIEN TAI TRONG THEO CAC DANG DAO PONG
RIENG TINH HE CHIU TAI TRONG PIEU HOA

Khi heé chiu tic dung cuia tii trong dong cé quy luat thay doi theo thdi gian la quy luat
diéu hoa
Pl
Pl
{P(1)} = .sinrt (2-160)

P

thi, chuyén dong clia hé khi én dinh ciing thay déi véi quy luat diéu hoa, nghia la,
nghi¢m cla phuong trinh vi phan c¢é vé€ phai clia phuong trinh:

[IMI{¥ )} +[K]{Y(D)} = {P®)} (2-161)
S8 1a: {Y()} ={Y}sinnt (2-162)
Trong dé: { Y} 1a véc to chaa cdc bién do dao dong cua hé.
Pua (2-162) va dao ham bac hai
(YO} =c* {Y}sinn
vao (2-161) ta duoc:
([K]-r* [M]){Y} ={P} (2-163)

Ta tim nghiém cta phuong trinh (2-163) dudi dang té hop tuyén tinh clia cdc dang dao
dong riéng chuan:

{Y}={o,]{z} (2-164)

Trong do: [@,,] 12 ma tran cdc dang dao dong riéng dd dugc chuin héa: {Z} 1a véc to

¢6 céac phan tur 1a bién do dao dong clia cic dang, nd chinh 1a cac toa dd téng quat chua
biét. Pua (2-164) vao (2-163), ta duoc:

(IK][@a ] [M][0,1)(Z} = {7} 2165

-
Nhan i hai vé cta phuong trinh (2-165) véi {®,,} , ta c6:

([@a] [K][ @]~ [0, ] M][@, J{Z) [0 ] (P} @-166)

Ap dung dicu kién truc chuan (2-70) va (2-72) vao V€ trii cha phuong trinh (2-166), ta
viét lai phuong trinh niy nhu sau:

([Q]-[E]) {Z} = [®.] {P} (2-167)
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Nhan trdi hai v& ciua phuong trinh (2-167) véi [Q - rzE] , ta nhan dugc nghiém la

céc toa do tong quat:

(zy=[a-2E] {@,] (P} (2-168)
Dua (2-168) vao (2-164) ta nhan duge chuyén vi cla hé:

(Y} =[o,][o-rE] [0,] (P} (2-169)
Ta da: [p)=[a-rE]" (2-170)
Dua vao ki hieéu:

i

S, =wi2_r2 (2-171)
Khi do: [D] = diag(Si) (2-172)
Néu dat: [G]=[®,][D][®a] (2-173)
Thi: (Y} =[G] {P} (2-174)

Ma tran [G] duoc goi 1a ma tran giai thic Green.
Nhu vay, khi tinh hé chiu tai trong diéu hda, ta chi cdn xdc dinh ma trin Green, réi
nhan véi vécto bién do tai trong la nhin duge vécto bién do dao dong clia hé.

Thidu 2-14:
Tinh dao dong ca hé cho & thi du (2-9)
m, =m, =m, =m71; EJ = const
) EJ
P ()=P,(0)=P,(t) =Psinrt; r=10 7
m

Pt Py(t) P4l
mw% mz% my %

2 = & L 2
2
T T f;”
[ | 1
{
Hinh 2.18
O thi du (2-9) ta c6:
237.314 0 0
[Q)=diag (o})=] 0 24061 0 E—J4
o s3777| ™
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0,3251 0,6726 0,6644
1
[D,,]=]0.7221 02771 -0,6338! -~
d

0,6106 —0,6861 0,396

Ta tinh ma tran {G] theo cong thic (2-173).
-

0.3251 0,6726 0,6644 ] [137,31 0 0
[G]=[@, ][D][®,] =|0.7221 0.2771 -0.6338| 1 ©0 23061 0 | x
0.6106 —0,6861 0,396 0 0 82717

0,3251 0,7221 00,6106 {0,001019 0,00174 0,001277 o
x|0,6726 0,2771 -0,6861 ={0,00174 0,00388 0,0031 [m ]

0,6644 -0,6338 0,396 | |0,001277 0,0031  0,00294 *E
P| [0.01615] .
Vay: {Y}=[G}{P} =[G]{ P} =10,03488 %
[P [0.02928
Do d6 dao déng cua hé:
0,01615] |
{Y(1)} =40,03488 X%—J—sinrt
0,02928

Két qua nay ding véi két qua di nhan duoc & hai phuong phdp trén.

$14. LUC TUGNG UNG VOI TRANG THAI PONG VA MA TRAN MEM PONG
HOC TONG QUAT CUA HE HUU HAN BAC TU DO CHIU TAI TRONG
PONG BAT KI

1. Xac dinh vécto luc twong (ng v6i trang thai dong cia hé hira han bac tu do
chiu tai trong dong bat ki

O phuong phdp khai trién tai trong theo cic dang riéng, ta c6 vécto 1ai trong khai trién
dang 1 (2-130%:

T
toi} {P}
)= [M] {o:}

| {o} Mo}
Gid tr tai trong khai trién vao khoi lugng K ting vdi dang dao déng riéng thit i duoc
xdc dinh ti biéu thic trén nhu sau:
T
0ij 1P ’

1 M.
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Vi M, la khéi luong téng quat thi i.
Vécta luc dan héi img voi dang dao dong riéng thit i duge xdc dinh theo (2-139):
{Pu (0} = {P.} . K, (® (b)

Vai K (t) 1a he s6 dong hoc theo thoi gian duge xdc dinh theo (2-140). Tir cic céng
thie (a) va (b) ta ¢é luc twong ing véi trang thai dong tai khoi lugng K tmg vdi dang dao
dong riéng thit i:

T
i P
P"LK (1) = P, K, (1) = mg .9, —~_{(P I}VI { } Kb (c)

Do vay, véc to lyc tuong tng v4i trang thai dong ing vo1 dang dao dong riéng thir 1 sé la:

{Ps(0} =[M]{e, }KM“) {o;} {P} (d)

Cuéi cung, véc to luc tuong iing vdi trang thai dong clia ca hé duge viét nhu sau:

{Py(0)} =[M][®]diag KM(t){ I (P} (2-175)

1

. H t - P » - 7 3 ~ , - 3
Trong do6: diagh'd—() la ma trin chéo ¢ cac phin twr nam trén duwdng chéo chinh bang
K (1) O ) N e e i
——-, 1 =1, 2,... n; Néu dung cac dang dao dong riéng chuan, thi tat ca cac khoi luong

i

téng quat M, déu bing 1.

Cong thitc (2-175) cho phép tinh truc tiép duoc vécto luc tuong tng vdi trang thai
dong {P,(1)}, tir d6 ¢6 thé xdc dinh néi luc va chuyén vi déng ctia hé dao dong.
Thidu2.15:

V& biéu d6 méomen uén dong clia hé cho trén hinh 2-19a. Bigi: m;, = m, = m, = Ln-l-;

4
0 EJ
P, (1) = Py(t) = P,(t) = P.sinrt; r—L , EJ = const.
2 Vm
%P‘m {ym %Pau]
qIiJ,m
d m, M :3 ”;77
T T N B
| ~ { \
0,784
hp
a xPI
. 0,0172
Hinh 2-19 pyre-
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Ma tran khéi luong vh ma tran cing cua hé:

100 ([ 7296 a4 178
M=o 1 of; [K]ilw3 4584 5568 3720
00 1 | 1128 3720 3840

O bai todn dao dong riéng, ta c6 vécto tan sd va ma tran cic dang dao dong riéng da
chudn héa (§11).

15,405 0,3251 0,6726 0,6644
{o} = 149,052 \/EJJ : [®a]=10.7221 02771 -0,6338 A
91,53 | '™ 0.6106 -0,6861 0,396 |
azém
Vécto tai trong dong va vécto hé s6 dong hoc theo thdi gian
P [1
{P()} ={P,(1)} =1 1 } P.sinrt
P |1
rl
l: I_E
K, () ) 1,7283
KO} =K, (0 p=41: I—r—z }: 1,0435} sinrt
K (1) @2 10121
r?,
| 1~—2
0

Vécta Iuc tuong tng v6i trang thdi déng duge xac dinh theo (2-175):

(B (0} = [M][,, |dingK, [ @,, | {P)

1 00 0.3151 0,6726 0,6644 [[1,7283 0 0
{Pd(t)}=a2 010 g 0,7221 0,2771 —0,6338 0 1,0435 0 |sinrt x
0 0 1 0.6106 -0,6861 0,396 0 0 L0121
10,3251 0,722t 0,6106 | |1 1,40334‘1
x—[0,6726 0,2771 -0.6861| {1} P={1,87151 ) P.sinrt
“lo.6644 06338 0,39 | |1 173173
Gia tri 16n nhat khi sinrt = 1, tuong ting ta ¢6:
1,40334
{P,}=11,87151; P
1,73173
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V& biéu d6 mémen uén dong (M‘; ) :
Pit vécto luc {P,) vao cic khéi lugng va vé(Mf,) hinh (2.19b).

2- Xac dinh ma tran mém dong hoc téng quat

O phuong phép cong dang dao dong, c6 thé bi€u thi vécto chuyén vi cia hé 1a t6 hop

clia cdc dang dao dong riéng vdi cic toa do téng quat (2-145):
(Y} =[@]{Z:0)}
Trong do: [CD] la ma trin cdc dang dao dong riéng;

{Z;(1)}1a véc 1o ¢6 cdc phén tir la cdc toa do tdng quat Z(t)

K, (), 7
7. ——K = P!:
() NOE v —ife ) (P
i=1,2,..n
Véi: K, ()= L [_[f(r)sin o, (t—1)d

io

Tir (f) ta 6 thé viét véc to toa do tOng quét clia ca hé

{Z,()} = diag%[(br {p}

Pua (1) vao (e) ta dugc:

(oo =[@]aiag o] (P}
Hay: y(t)=[F,;(0)] {P} (2-176)

Trongdé:  [Fy(t)]=[®] diag ““m[ o]' {p}

l

(e)

(0

(g)

(i)

(k)
(2-176)

(2-177)

O bai todn tinh ta luon c6 {y} = [F] {P}, v6i [F] 12 ma trdn mém, vi viy ma trin
[F.(D)] & cong thiic (2-176) duge xdc dinh theo (2-177) goi la ma trdn mém dong hoc.

Thidu?2.l6:

Tinh chuyén vi cla hé chiu tai trong %P'm %sz %Ps(t)
dllé’u hdoa cho & hinh 2.20. 4 : * by
Biet: P, (1) = P,y(t) = Py(1) = P.siart, ™ m, m

Lo | o)
, 10 |EJ no—m m/ ! l | |
T = 5 _ = =1m, = —
i© ¥m : : g
EJ = const. Hinh 2.20

P
-
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3 bai todn dao dong riéng, ta ¢ véc to tan s6 va ma trin dang dao dong riéng da
chuan héa:

15,405 0,3251 0,6726 0,6644

1
{0} = {49,052 }E—{, [D,]=]0,7221 02771 -0,6338 -~
a
9153 | '™ 0,6106 -0,6861 0,396
a=%\jml
. in rt
Vi tai trong diéu hoa: f(t) = sinrt, taco K (t) = szm >
. 2 2
K, ()] (1:@y—r) 1:137,31 r
(K, (0} =K (0} =41: (@2 —1?) bsinrt = 1:2306,1 } —— . sinrt
K,;(t) 1 :(u)_% —r?) 1:8277,7

Ma tran mém dong hoc dugc xéc dinh theo (2-177) viét véi cc dang dao dong riéng chudn.

[E, (0)] = [@,, ] diag K, (1) [@4, ] {P}

03251 0,6726 06644 [137.31 0 o T
[Fd(t)]=é 0,7221 10,2771 -0,6338|| 0 23061 0O 2 Sinrtx
0,6106 -0.6861 0,396 0 0 82777
0.3251 0,7221 0,6106 | [0,001019 0,00174 0,001277]
«L10,6726 0,271 0,6861|=| 0,00174 0,00388 0,031 ””2 xsin rt
10,6644 —0,6338 0,396 | |0,001277 0,003 0,00294 B

Véc to chuyén vi clia hé (2-176):

0,001019 0,00174 0,001277 p P
{y(} =[F,(]{P} =] 0,00174 0,00388  0,0031 rsinr P
0.001277 0,0031 000294 | ~° P
0,01615}
P
{y(0)} =40,03488 -asmrl
0,02928

Két qua nay trung véi két qua da co & céc thi du (2-9), (2-11), (2-14)

§15, DAO DONG CUONG BUC HE HUU HAN BAC TU DO CO XET PEN ANH
HUOGNG CUA LUC CAN

1. Gia thiét vé luc can va xdc dinh ma tran tit dan

Khi tinh dao dong cudng buc cta hé¢ hitu han bic tu do ¢é xét dén anh hudng cua luc
can ta dung gia thiét:

138



- Lyc can 1i 1é v6i van tSc - ma tran tat din thda mén diéu Kién truc giao va dugc biéu
thi bang quan hé sau:

{(pi}T[C]{(pj} =206, (2-178)

Trong dé: €, - tham s6 tat ddn ;

8;; - ki hiéu Cronheker:
8 ={o;} [M]{o;}

O (2-178) ta thdy rang: Cic dang dao dong riéng ciia hé khi k€ dén va khi khong ké
dén anh hudng cia luc can 13 tring nhau. Ching truc giao véi nhau qua ma tran tat dan
[C]. Diéu do ¢o6 nghia la su tiéu hao nang lugng trong qua trinh dao dong cua hé duoc
tinh bang t6ng cdc nang lugng hip thu & mbi dang dac dong riéng. Nhur vay, tic dung
clia tai trong ngoai va cdc diéu kién ban du doi véi mbi dang dao dong riéng déu c6 thé
duge tinh mot cach doc lap. Sy théa man diéu kién (2-178) s dé dang cho phép tinh dao
dong cla hé hitu han bic tu do ¢6 xét dén anh hudng cia luc can theo phuong phap khai
trién theo cac dang riéng.

Phil hop v6i diéu kién ma tran tat din thoa min diéu kién truc giao. Raylay da gia
dinh ma tran tat dan bing té hop cla cdc ma trin do ciing va ma tran khéi luong:

[C]=a,[M]+ a,[K] (2-179)

Trong do: a, va a, 1 cac hé s& ti 1€ ndo d6. Cac hé sd nay dugc xdc dinh theo cdc gid
tri khdc nhau cia tham sé tat ddn va tdn s§ dao dong riéng.

Thidu2.17:

Cho hai tan s6 dao dong riéng ctia hé hitu han bac tw do: ®, = 2 va ®, = 3. Su tit dan
tuong tng vdi hai dang dao dong do6 bang 2% va 10% tit dédn (6i han, nghia la: g, = 0,02
va g, = 0,1. Hiy xdc dinh cdc hé s6 a, va a,.

Pua ma tran tat dan theo (2-179) vao (2-178), 1a s& nhan dugc phuong trinh sau:

a, +almi2 = Z(Diai (a)

Thay cdc gid tri ©,.€, v w,, £, vao phuong trinh (a), ta cé:

a,+4a, =0,08
(b)
a, +9a, =0,6
Gial hé phuong trinh (b), ta dugc: a, = - 0,336 va a, = 0,104,
Vay ma trin tat dan theo Raylay (2-179).
[C] = - 0,336[M] + 0,104 [K] (c)

Tir phuong trinh (a) ta ¢6 thé nhan dugc tham s6 tat dan @ng véi cic tan 6 dao dong
rieng o, bat ki:
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1 2y —0,336 +0,10407
g = —(a0 +a,0 ) =
20, 20,
Trong céc bai todn thuc 1€, cdc tham s tat dan c6 thé I6n hon 2, khi d6, dé tinh a, va
a, ta ding hai cap gid tri trung binh clia cdc tham s& tat dan va tdn s6 dao dong riéng. Ta
xét thi du sau day:

Thidu2.l18:

(d)

Cho céc gid tri tn s6 dao dong riéng va tham s& tat dan:
w=2,0,=3,0,=7, 0,=15 0;=19,
g,=0,02,¢8,=0,03,6=004,¢,=001,¢,=0,14

Hay xac dinh cac hé s6 a, va a,

Céc heé s0 a, va a, nhan dugc tir phuong trinh do phép thé (1.179) vao (2-178):

a, +almi2 =2w,g, (a)

Pé xic dinh 2 hé s6 a, va a, ta phai sir dung hai cap gia tri trung binh clia cic , va g,

ta ki hiéu la;
(01,€1) V& (02, €2)

O day ta ldy:

1
o :%((91 +0,+0;)=4; E :5(81 +8, +€,)=0,03

_ 1 —_ 1
(D2 :-2_(0_)4 -|—Q)5)=17, 82 =5(84 +85)=0,12 (b)

Thé cac gid tri & (b) vao (a), ta nhan duge hé 2 phuong trinh sau:
a, +16a, =0,24
a,+28%, = 4,08}

Giai (c), ta duge: a, = 0,0498, a, = 0,01405. Vay ma tran tat din theo Raylay (2-179) la:

[C] =0,01498 [M] + 0,01405 [K] (d)
Thay a, va a, vio phuong trinh (a) ta s& tinh dugc biéu thic x4c dinh cdc tham sé tat
dan tng véi cdc tan s6 dao dong riéng bat ki:
. _0.01498+ 0.014050;
l 20,

1
Trong trudng hop téng quét, nhu dd biét & phan trén: diéu kién truc giao cla cdc dang
dao dong riéng con dugc thdéa min ddi véi tich cua s6 khong han ché ciac ma tran duge
tao nén tir ma tran d¢ citng va ma tran khéi lugng (2-65). VI vay, ma trin tryc giao tat
dén ¢ thé duge biéu thi bang t6 hgp cta cac ma tran dé:

(c)

(e)

[Cl=MY a [MTK] (2-180)
k
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Trong d6: Céc he s6 a, duge xdc dinh tir viéc giai hé n phuong trinh sau:

2 4 2(n-1
2m.8, =a, +2,00 +2,0] +..+a_ 0" " (2-181)

Can thay thém ring: Khi k = 1 ma tran tat din (2-180) s€ din dén ma tran tat dan theo
Raylay (2-179). .

2. Tinh dao dong cudng bitc theo phuong phap khai trién tii trong theo cic dang
riéng c6 xét dén luc can

Khi phan tich dao dong cla hé thanh cdc dang riéng, ta xem chuyén vi cta hé bang
téng céc chuyén vi thanh phan, trong dé méi chuyén vi thanh phin tuong tng véi mot
dang dao dong riéng. Bai toan xét chuyén vi d6i véi timg thanh phan la bai toin dao
dong clia hé mot bac tu do. Khi xét dao dong cudng bic ¢6 ké dén anh hudng cla luc
can, phi hop véi gia thiét & trén ta c6 thé xét mét cach doc lap timg dang dao dong
thanh phan nhur hé mat bac tu do.

Phuong trinh dao dong ctia hé mét bac tu do chiu tai trong dong bat ki ¢6 xét dén anh
hudng cia luc can nhu da bigt (1-196):

t
y(t) = ~I\—/I—l—- [Pe ™ sino, (t - t)dt
®

(S

Hoic ¢o thé viét:

P
=LK,
y(t) M (D

Trong do:

1
K, (t)= L '[f(t]e’““:“*”.sin o (t-1)dt
(DL' [8)

Dai véi hé hitu han bac tu do, ta van st dung céng thic (2-132) dé xdc dinh céc tai
trong khai trién theo cdc dang dao dong riéng, chi c6 vécto cdc hé s6 anh hudng dong
hoc s& ké dén anh hudng cua luc can phil hgp véi hé s6 K (1) & trén. Cu thé d6i véi cac
phan tr K, (t) theo (2-136) dugc viét nhu sau:

1! —we (=1}
K, (D) = — ff_ ™80 Y sino, (1—1) dt (2-182)
(Di,c 0 ,

Chuyén vi ciia hé van duoc xédc dinh theo cong thitc (2-137)
(Y} =[M]" [P, J{Ku}

3. Tinh dao dong cudng biic theo phwong phap toa dé tong quat c6 xét dén luc can

Trong truong hop xét dén anh hudng cua luc can, phuong trinh vi phan biéu thi dao
dong d6i véi cdc toa do téng qudt (2-155) s& ¢6 dang sau o] day khong trinh bay, vi qua
trinh tién hanh twong tu nhu thiét 1ap phuong trinh (2-155)):

141



MZ,()+CZ )+ K Z, (1) =F (1) (2-183)
Trong doé:
C = {(Pi }T [C]{(Pi } =2m,e;M;

Phuong trinh (2-183) dugc viét lai:

7. () +20,,Z,(1) + 0] Z; (1) = % (2-184)

1%
i

Day chinh la phuong trinh vi phan dao dong cta hé mot bac trr do ting véi tin s6 o,
d6i v6i hé c6 khoi luong tdng quit M,, dé ciing 1dng qudt K. chiu tai trong téng quat
P(t). va h¢ c¢6 hé s6 tit din téng qudt C. Toa d9 téng quat Z(t) la nghiém ctia phuong
trinh vi phan (2-184).

[P, ()™ sinwy, (t—T)dr (2-185)

i*Yie o

Zj(t) =

Chuyén vi cla hé 12 t6 hop cla céc dang riéng dugc tinh theo (2-145):

(Yo =[e]{zw}

Trong d6: {Z(t)} la véc 1o c6 cac phan tr duge xdc dinh theo (2-185).

Trinh tu tinh todn hé dao dong hitu han bac tu do chiu tic dung cia tai trong dong bat
ki dugc tién hanh nhu sau:

1. Xéc dinh céc tin s6 dao dong riéng va cdc dang dao dong riéng cua hé. Péi véi céc
bai toan c& 16n, ta phai gidm c& bai todn va chi xdc dinh mét s6 tan s6 va dang dao dong
riéng thip.

2- Phan tich tai trong tac dung 1én hé ra céc tai trong khat trién theo timg dang dao
dong rieng; hodc xdc dinh cdc toa d6 16ng quat dng véi cdc dang dao déng riéng, theo
(2-130) hoac (2-185).

3. Xdc dinh chuyén vi clia hé tit két qua nhan dugc ma tran tai trong khai trién, hoic
ma tran cic toa do tong quat & budc trén, theo (2-137) hoac (2-145).

4. X4c dinh luc dan héi dé tinh néi luc cha he.

{Pi(t) = [K] Y (1)}

& phuong phap khai trién tai trong theo cdc dang dao dong riéng, luc dan héi ¢6 thé
duoc tinh truc tiép tir ma tran tai trong khai trién theo cdc dang chinh dao dong. Trén co
s da xde dinh duge luc dan héi, ta ¢é thé tim dugc chuyén vi va noi luc clia mot diém
bat Ki trén hé, & phuong phdp toa do tdng quat, lyc dan hdi phai tinh qua chuyén vi {Y}
va ma tran cimg [K].
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§16. CAC PHUONG PHAP TICH PHAN TRUC TIEP
Phuong trinh vi phin dao dong hé hitu han bac tu do nhu da biét:
MY, +CY, +KY, =P, (2-186)

Nghiém cua cdc phuong trinh vi phan dao dong clia hé¢ mét bac tu do hodc hiru han
bac tu do déu cé thé tim dugc bing cac phuong phap tich phan truc tiép, & day phuong
trinh (2-186) duoc 14y tich phan theo céc trinh tr bude s dac biét. Viéc ldy tich phan s6
truc ti€p ducc tién hanh trén céc doan thdi gian ngin va phii dam bao diéu kién can
bang luc cha phuong trinh (2-186), trong d6 cé tinh dén luc quén tinh, luc can tai céc
diém rd&i rac cua khoang théi gian khao sat. Qua trinh nay rat thich hop va cé hiéu qua
khi sir dung may tinh dién to.

Gia sir cic vécto chuyén vi, vécto téc do va vécto gia toc tai thdi diém ban dau t = 0:
Y, Y,, Y, 1a da biét va ta can phai tim nghiém cha phuong trinh vi phan (2-186) trong
khoang thdi gian tir khong dén T. Ta chia khoang thoi gian ra n doan bang nhau va bang
nhau va bang At:

=
n

Cic gia tri can tim ¢ thoi diém sau phai st dung céc gia tri da biét & thoi di€m trudc.
Qua trinh tinh cua cdc phuong phap tich phén truc ti€p s€ cho cac nghiém gan ding tai
cdc thoi diém rdi rac cha khoang thoi gian chia 0, At, 2At,..., T. Dudi day sé trinh bay
mot 6 phuong phap tich phan truc tiép.

O phan nay, cic dai luong in nét dam déu biéu thi ma tran hodc véc to.

1. Phurong phap sai phan hiru han

Tur viéc khao sét (2-186) nhu viéc khao sit cac hé phuong trinh vi phan thong thudng
c6 hé s6 hang s6, ta ¢6 thé biéu thi gan ding céc gia téc va tdc do bang cac biéu thuc sat
phan hitu han cta cdc chuyén vi, nghia 14, ta diing sai phan clia ham sd thay cho cdc vi
phan cta ham s&. C6 nhiéu phuong phap sai phan khéc nhau dé biéu thi gan ding gia téc
va t8c do, phuong phép sai phan ding tam 13 mot trong cdc phuong phap ¢6 hiéu qua dé
gidi cic bai todn cu thé. O phuong phdp nay ham chuyén vi duge biéu thi bing mét da
thitc ndi suy 1a da thitc parabol bac hai. Khi dé ta c6 biéu thiic gan ding clia gia t6c va
toc do tai thoi diém t nhu sau:

Yl—At - 2Y1 + Yt+.m

¥, = i (2-187)
Yt — Yl+Al - Yt—At (2'188)
2At

Chuyén vi tai thoi diém (t + At) ducc tinh tir quan hé (2-186) tai thoi diém t (tir diéu
kién can bang luc tai thoi diém 1)
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MY, +CY, +KY, =P, (2-189)
Thé (2-187) va (2-188) vao (2-189) ta duge phuong trinh:

*

K'Y, =P, (2-190)
Trong dé:
K*z_li.M+L (2-191)
A 2At _
pop-{kK-2Mmly-[-Lm-Lcly (2-192)

Tir (2-190) ta thiy ring: Chuyén vi tai thoi diém (t + At) Y, 4, dugc tinh qua céc
chuyén vi tai céc thoi di€m t va (t - At): Y, va Y, 5. Vay dé tinh chuyén vi tai thoi diém
At: Ya, phai biét duge cdc chuyén vi tai cdc thyi difmt=0vat=-At Y, va Y.
Chuyén vi Y, 12 di€u kién ban ddu da biét, con Y, dugc xdc dinh nhu sau. & phuong
trinh (2-187) va (2-188) ta thay t = 0, s& dugc:

APY =Y, -2Y,+Y,,
QALY =-Y_,, + Yy
Tir hai phuong trinh nay ta sé cé:

. At .
Y—At = Yo - AtYO + TY{} (2—193)

Trong dé: Y, la diéu kién ban ddu da biét, con gia t6¢ ¥,,,dugc xdc dinh tir phuong
trinh vi phan dao dong tiing véi thoi diém ban diu (2-189):
Y, =M (P,-CY, -KY,) (2-194)

Qua trinh tinh theo cic budc thoi gian duge tién hanh theo cac céng thic: (2-192) va
(2-190).

Vién dé chon budc thoi gian déi véi cdc phuong phép tich phan tryc tiép 1a van dé rat
quan trong, n6 lién quan dén do chinh xédc cha két qua tinh todn va su 6n dinh cla so dé
tich phan. Néu chon budc théi gian cang nho thi két qua tinh cang chinh xdc nhung khoi
lugng tinh cang nhiéu, va nguogc lai, néu chon budc thoi gian cang Ién thi khéi luong
tinh s€ it di, nhung két qua tinh s& khong dam bao chinh xdc. Vi vay, phai chon budc
thdi gian dl nho dé dat duge do chinh xdc can thiét va chi phi tinh todn vira phai.

Dai véi phuong phdp sai phan da khdo sét & trén, dé nhan dugc nghiém du tin cy, thi
budc thai gian phai chon théa man diéu kién sau:

T,
At< Aty =—+ (2-195)
T

Trong dé: T, 1a chu ki dao dong riéng nho nhat ciia hé (Ung vdi tin s6 dao dong riéng
[6n nhat).
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Trinh tu tinh todn cta phuong phdp sai phan dugce tién hanh nhu sau:

1. Xdc dinh cdc ma tran do ciing, ma tran tat dan va ma tran khdéi lugng cta hé: K, C, M;

2. X4c dinh diéu kién ban ddu Y, tr Y, va Y, theo (2-194);

3. Chon budce thoi gian At thdéa man (2-195),

4. Xdc dinh Y ,, theo (2-193);

5. Xic dinh ma tran K theo (2:191);

6. Xdc dinh véc to 1ai trong tai thoi diém t: P: theo (2-192);

7. Tinh chuyén vi & thoi diém (t + At) ar phuong trinh (2-190).

Viéc xdc dinh tai trong P, va gidi phuong trinh: K™ Y,,,, =P, dugc tinh va lap lai &
méi budc.

Khi can thiét xac dinh cac gia tri gia t6c va téc do chuyén dong, ta sir dung cac biéu
thic (2-187) va (2-188).

Thidu2.l9

Cho h¢ hai bac tr do cé phuong trinh can bang luc:

o3 kS SR
01 ¥y, -2 41 |y, 10
Gid tri cac chu ki dao dong riéng cua hé: T, =445, T, =2.8.
Cho diéu kién ban ddu: tait=0,Y,=0, Y=0.

Hiy khao st dao dong cua hé véi 12 budc thoi gian véi hai trudng hop:

At=—%=0,28 va At=10T, =28
a) Tink vai iriong hop At=0,28 <At = L} =0,89.
b4

- Xéc dinh Y, theo (2-194) v6i Y, =0, Y, =0, ta cé:

o] ol

- Xdc dinh Y., theo (2-193):

0 0 2l o 0
Y—Al = _0,28 + 0, 28 =
0 0 2 (10 0,392

Xac dinh ma tran K™ theo (2-191):

e 1 20+ 2 [0 0] [2551 0
T 0,28%(0 1| 20,28/0 o] | 0 12,755
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- Xdc dinh véc to P} theo (2-192):

s (O [8 2], s 0 ]
V00Tl 2 215 T 0 12,755 v

Chuyén vi tai thoi diém (t + At) tim dugc bang viéc giai phuong trinh (2-190) déi vai

méi budc thdi gian:
25,51 0 ‘
Y, a =P
[ 0 12,755} e

Qua trinh tinh d6i véi 12 budc thoi gian ta ¢6 két qua ghi & bang 2-2:

Bang 2-2

gadnl At 2AL | 3AL | AL | SAL L 6At | TAL ¢ BAL | 9At | 10AL | 11AL | 12At
Y] 0 |0,0307/0,168(0,487| 1,02 | 1,7 | 2,40 | 291 | 3,07 | 2,77 | 2,04 | 1,02
V10392 145 | 283 | 414 | 502 | 526 1 490 | 4,17 | 337 | 2,78 | 2,54 | 2,60

Céc két qua nhan duoc ¢d thé so sdnh véi cdc gid tri chinh xac da nhan dugc 0 thi
du (2-12).

b) Tinh voi triuong hop At=10 T, =28 > At, = 0,89

Ta lap lai qud trinh tinh tuong tu nhu trén s& nhan duoc két qua:

v |0 v _ 303.10°
M03,83.00° T |1, 210107

Cic chuyén vi tinh dugc & cdc budc thoi gian sau ciing ti€p tuc tang. Su tang cic gid
tri nay la do hau qua cha su khong 6n dinh cla so dé tich phan sit dung do buéc thoi
gian khong thda méan diéu kién (2-195).

2. Phuong phap gia toc tuyén tinh

Phuong phédp gia t6¢ tuyén tinh xem rang:
Su thay déi cia gia téc chuyén dong trong

mobi budce thdi gian tir t dén (t + At) 12 tuyén l ’ 1 Y
tinh. Vinson da phdt trién phuong phip ndy | l\

vi gia thiét rang: Su thay déi tuyén tinh cha I teat 1+ 84l
gia t6c tir t dén (t +0At), trong d6 0 > 1. Dé T= |

dam bao su 6n dinh vo didu kién cta su dd

tich phan thi: 0 > 1,37, thudng lay 6 = 1,4, Hinh 2.21
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Ta ki hiéu gia s6 thoi gian qua bién 1, trong dé: 0 < © < 6AL Tir hinh vé 2.21 ta c6:

Y

+1

=Y, + (YHBM Y,) (2-196)

Trong d6: 0 < 1 < 6AL

Tich phan hai v& dang thifc trén, ta dugc
2

- - . 'c e -
Y. =Y, + Y.t +—— (Y o0 - Yo) (2-197)
t L t 26At( t+0AL t
Tich phan ti€p hai v& (2-197), ta dugc:
Y..=Y +Y r+1?~c2+-ﬁ-—(i’f -Y) (2-198)
t+t t te 2 t 69At t+0At t

Tinh céc biéu thie (2-197) va (2-198) tai thoi diém (t + OAL), ta co:

Yioa = (Yt+em +Y,) (2-199)

. 92At2
Yy on = Y, +04tY, + ——— (Y00 +2Y)) (2-200)

Tir céc biéu thitc (2-200) va (2-199) ta c6 thé biéu thi Y,e, va Y, qua chuyén vi
Y, 05 0hu sau:

‘5 6 6 - .

Yioa = Ryl (Yeion = Yy ) - oAl Y, —2Y, (2-201)
: 3 BAL ;

Yion = @(Yuem Y,)- ZY - T Y (2-202)

D¢ xdc dinh cac chuyén vi, 16c do, gia t6¢ cia hé tai thai diém (t + At), ta s& khao st
phuong trinh vi phan dao dong (2-186) tai thdi diém (t +OAL).

MY, oa +CYI+BAI +KY, 0a = Prioa (2-203)
Trong d6: P,,q, 12 tai trong tng véi thoi diém (1 + 0AL), né dugc tinh trén co s& xem
rang: Khi gia téc chuyén dong thay déi tuyén tinh thi tai trong ciing thay ddi tuyén tinh,
do do:
Pooa =P+ 0P o —P) (2-204)
Thé c¢dc biéu thirc (2-201), (2-202) vao (2-203), ta nhan dugc phuong trinh dé xéc
dinh Y. gy,

K*Ynem = :+BA: (2-205)
. . 6 3 .
Trong dé: K =K+ M+ C (2-206)
(0AL) 0At
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6
OAt

Pl:BAt =P+ G(PHA( - Pt)‘*‘ M((GAt)Z Y, + Yl +2Yt J+

+c(—3— Y, +2Y, +%Y{t) (2-207)
At 2

Pua gid tri Y, g5 Va0 (2-201) ta s& dugc Y, gn » sau d6 thé Y, g, vao cdc biéu thic

(2-202), (2-197), (2-198) khi t= At ta s&€ duoc: Y, o - Yiiars Yoear-

.- 3).. 6 6

Yoo = [1 - 6]“ ) 0lAt Yt 03At? (Yeson = Yo) (2-208)

. .. At o

Yoo = % Yoaet > Y, +Y, (2-209)
At? .. . }

Ynm = T(YHAI + ZYt )+ At Yt + Yt (2-210)

Pé nhan dugc két qua tinh todn gén sat véi dao dong thyc cha két cau khao sdt, ta cdn
chon budc thai gian bang 10% chu ki dao dong riéng thap nhat cta hé, tic la:
At=1n
10
Trinh tu tinh toan cla phuong phap gia t6¢ tuyén tinh duge tién hanh nhu sau:
1. Xdc dinh cdc ma tran do ciing, ma tran tat dan va ma trén khai luong cia hé: K, C, M.
2. Xac dinh diéu kien ban ddu Y, tr Y, va Y, theo (2-194);
3. Chon budce thoi gian At;
4. Xdc dinh ma tran K’ theo (2-206);
5. Xéc dinh tai trong P, gy, theo (2-207);
6. Tinh cdc chuyén vi tai thoi diém (1 + BAL) tir viée gidi phuong trinh (2-205);
7. Tinh cic chuyén vi, 16c do va gia toc tai thoi diém (1 + At) theo (2-208), (2-209),
(2-210).

Viec xdc dinh i tong P, . gidi phuong triinh: K Y:+9m = :+9m va tinh
Y, ars Yeoar s Yoo ae & cdc trinh tu thit 5, 6, 7 duce tinh va 1ap lai & mdi budc thoi gian.
Thi du 2-20

Xét dao dong cua hé da cé o thi du (2-19) theo phuong phdp gia téc tuyén tinh. Lay
0=14.

O thi du (2-19) ta di ¢6 diéu kién ban dau:

Y={3}Y={g} Yz{g}
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- Chon budc thoi gian At = 'I—:i =0,28.

- Xac dinh ma tran K theo (2-206):

.6 -2 6 2 0] [84,1 -2
K" = — =
2 4| (1,40,287%|0 1| | 2 43

& mbi budc can phai tinh:

- Tai trong P}, g, theo (2-207)

. 0) (0] [20 .
Peon =110/ 1ol 0 1 {39Y,+15,3Y, +2¥,}

Xac dinh chuyén vi tai thoi diém (1 + 8At) ti phuong trinh (2-205):

K*Yuem = Trroat
-Tinh céc gia téc, toc do va chuyén vi tai thoi diém (t + At) theo (2-208), (2-209), (2-210):
Y, a =27,9(Y, 00 - Y,)-10,9Y, - 1,14Y,
Y1+At = Yl +0, 14(§’t+m + ?t)
Y, a0 = Y, +0,28Y, +0,0131(Y,, o, +2Y,)
Qua trinh tinh v6i 12 budc cho két qua ghi & bang (2-3):

Bang 2-3

Thoi gian At | 2At | 3Ar | 4At | SAU | 6At | TAt | 8Ar | 9Ar | 10Ar ] 11At | 12At
{Y } {y"} 0,006 |0,0525|0.196 | 0,49 (0952 1,54 | 2,16 | 2,67 | 2,92 | 2,82 | 2,33 | 1,54

t =
Y2 0366 1.34 | 2.64 | 392 | 448 | 531 | 5,18 | 4,61 | 3,82 { 3,06 | 252 | 2,29

Cic két qua nhan duge 6 thé so sanh véi cc gia tri chinh x4c cha thi du (2-12).

3. Phuong phap gia téc trung binh khong ddi

Phuong phép gia t6c trung binh khong ddi gia thiét ring: G mbi budc thdi gian At gia
t6c chuyén dong bang hang s6 va duge tinh bing gid tri trung binh & hai gid tri ddu va
cudi cua khoang At:

V.. =YLL“2¥ (2-211)

Trong d6: 0 <t < At

Tich phan hai v& dang thic trén, ta duoc:
- Y . +Y,
Yir =¥y ot — (2-212)
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Tich phan tiép hai v€ ctia (2-212) ta dugc:

Yt+At + Yt

Y, =Y, +1Y¥, +1° (2-213)

Str dung céc biéu thirc (2-212) va (2-213), ta tinh chuyén vi va téc d¢ tai thoi diém
cudl khoang At, ing véi T = At.

. . At .. ..
Yoau =Y +?(Y;+A. +Y,) (2-214)

2

Y. = Y, + ALY, + ATt(VHm +¥) (2-215)

Bay gid ta viét cac biéu thitc Y, va Y, qua Y, Y,, Y, v2 Y, 5

Tu (2-215) ta c6:

. 4 4 4 . .
Yiia = A s _A_thl TAL Y -Y, (2-216)
Thé biéu thirc (2-216) vio (2-214) ta dugc:
. 2 2. .
Yon = EYHAI "Eyt -Y, (2-211

Dé xic dinh cic gid tri chuyén vi clia hé tai thoi diém (1 + At), ta xét phuong trinh vi
phan chuyén dong ctia hé tai thai diém (t + Ab):
MYHA( + CYHAt +KY,n =Pon (2-218)

Sau khi dua céc biéu thitc (2-216) va (2-217) vio (2-218) ta s& nhan dugc phuong
trinh dé xic dinh Y,, 4, :

K*Yum = Pt*+At (2-219)
Trong do:
* 4 2
K =K+—5M+—C (2-220)
At At

. 4 4 . . 2 _
Pl+At: t+At+M(FY‘+A_t+Y‘+YlJ+C(EYl+Y|J (2-221)

Qua trinh cdc budc tinh duge tién hanh theo cdc cong thic (2-221), (2-219), (2-216),
(2-217). & thdi diém ban dau gia t6c Y, duge xdc dinh theo biéu thic (2-194).

Viéc chon bude thoi gian & phuong phap nay ciing 1y nhu phuong phip gia t6¢ tuyén

tinh At= L .
10
Trinh tu tinh todn cua phuong phdp gia téc trung binh khong doi duoce tién hanh nhu sau:
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1. X4c dinh cdc ma tran do cing, ma tran tit ddn va ma trian khoi luong K, C, M;

2- X4c dinh diéu kién bandau Y, , Y, , Y, ;

3. Chon budc thoi gian;

4. Xac dinh ma tran K’ theo (2-220);

5. Xdc dinh tai trong P, ,, theo (2-221);

6. Tinh chuyén vi tai thoi diém (t + At) tir viéc giai phuong trinh (2-219);

7. Tinh t6c do va gia toc tai thoi diém (t + At) theo cdc cong thic (2-216) va (2-217).

Trong qua trinh tinh toan véi cdc budc théi gian, cdc trinh tu thir 5, 6, 7 dugce tinh va
1ap lai & moi bude.

Thidu2.21

Xét dao dong clia hé di cho ¢ thi du (2-19) theo phuong phdp gia t6c trung binh khong
dai.

O thi du (2-19) ta da ¢6 cac diéu kién ban ddu:

ol el el

- Chon budc thoi gian: At = ’f—;‘] =0,28.
- Xdc dinh ma tran K theo (2-220):
. 6 -2 4 {20 108 -2
K = + — =
-2 4 0,28|0 1 ~2 55
G méi budc, can tinh:

- Téi trong P}, ,, theo (2-221)

. 0] 2 o .
P, = " +[0 . (51Y, +14,3 Y, + Y,)

- Xdc dinh chuyén vi tai thoi diém (1 + At) bang viéc gidi phuong trinh (2-219):
K'Yu =Pon

- Tinh gia t6c va toc do tai thai diém (1 + At) theo (2-216) va (2-217):
Yo a0 = SU(Y,,, - Y,)-14,3Y, - ¥,
Yoo =Y, +0,14(Y, + Y, )
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Qua trinh tinh vdi 12 budc cho két qua ghi ¢ bang 2-4:

Bang 2-4
Thoi gian | At | 2At | 3At | 4At | 3At | 6At | 7At | 8At | 9At | 10At | 11At | 12At

0,00670,0504/0,18910,485|10,961 | 1,58 | 223 (2,76 | 3 |2.85;228]| L4
0364 1,35 268 | 4 495534 513|448 3,64 29 | 244|231

(Y.

Cic két qua nhan duge c6 thé so sdnh v6i cic gid tri chinh xdc & thi du (2-13).
Trén hinh 2.22 mé ta chuyén vi Y,(t) cta hé dugc khao sét trong cdc thi du (2-10),
(2-19), (2-20), (2-21).

¥

4 A 24t 4At 6M 8at 10At 121

Hinh 2.22
1) Phuong phap sai phan hitu han: 2) Phuong phép chinh xdc
3) Phuong phip gia t6c trung binh khéng ddi. 4) Phuong phip gia ¢ tuyén tinh.

Cic phuong phép tich phan truc ti€p & trén déu ¢ thé dp dung duogc doi véi he mot
hic tr do.
Tren hinh 2.23 mo ta dao dong tu do c6 xét dén anh hutng cta luc can ciia hé mot bac

tur do v6i dicu kién ban ddu: y, = 3, v, = 15. Hé ¢6 tham s6 tat din € = 0,3, tdn so dao

dong riéng @ = 2, [T =EE=1£J.
)
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| waw AN =
TN

I <4

Hinh 2.23

Céc d6 thi duge veé tuong g voi cdc gid tri khac nhau chia budce thoi gian At. D6 thi
ing vgi At = 0,125 (duong cong nét dam) tring véi d6 thi da mé td & hinh 1.19 cla

> - T ", . Y »
phuong phdp chinh xdc. D6 thi img véi: At = (0,25 < 0 ={,314cho cdc gid tri gan sit
v6i két qua chinh xdc. Cdc d6 thi Gng v6i At = 0,5 At = 1 cho két qua xa vdi két qua

chinh xic, bai vi At > % =0,314.
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Chuong 3
DAO PONG CUA HE CO VO HAN BAC TU DO

§1. XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT HE VO
HAN BAC TU DO

Xét thanh thang cé khai luong phan ba bat ki m(x), do ciing thay déi EJ(x) chiu tai
trong dong phian bo q(x.t) trén hinh 3.1:

qix, t)
LT
0 M), EJ03) il

T

Hinh 3.1

Ta gia thiét rang: khi dao dong moi diém trén hé déu dich chuyén theo phuong vuéng
géc véi truc thanh. Dao dong ngang ciia hé tai mot thoi diem bat ki duge xdc dinh bing
dudng dan hoi cia hé dudng dan hoi nay 14 ham phu thudce vao hai bién s6: 10a do x va
thot gian t

Y = y(x,b)

D¢ xay dung phuong trinh vi phan dao dong cua hé ta s dung phuong phdp tinh
dong. trong d6 ¢6 bo sung vao hé luc qudn tinh viét theo nguyén 1f Dalambe. Céc luc tic
dung vao hé bao gém:

- Luc quin tinh phan bé: q, (X, =-m,"

- Luc can chuyén dong (can nhdt): g (x,1)= C-#
- Luc dan hoi phan bd wong Gng véi chuyén vi dong y(x,1) ¢ xu huéng dua hé vé vi

tri cian hang ban dau:
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qq{x,1) = ::2 (EJX az;f:;’t)J
- Tai trong dong:  q(x.,1)
Viét phuong trinh cén bing luc theo phuong ding: 2Y = 0, ta c6:
—q, (X, 0+ g (5, D)+ qu(X, 1) =q(x,1) (3-1)

Pua cédc thanh phan lyc can, luc quan tinh, luc dan hoi & trén vao phuong trinh cén
bing (3.1) s& dugc:

2 2 2
l {EJ(X)M} emeo) XN HED Ly (32

x” ox? ot ot

Phuong trinh (3.2) 1a phuong trinh vi phan dao dong tng quét chia thanh thang - hé vo
han béc tu do chiu tai trong dong bat ki.

Khi khong xét t6i anh hudng cua luc can, ta ¢é:

ox?

2 2 2
L [EJ() ax“’}m(x)%%‘—):q(x,r) (3-3)

Khi tinh dao dong ¢6 xét dén anh hudng cua luc can theo gia thi€t do citng phic, ta cé
phuong trinh vi phan dao dong tong quat nhu sau:

B2y(x, 1) [ iSJ o’ 0*y(x.0)
A Rt EJ(x o 3-4
m(x) P e )5 o =q (X 1) (3-4)

X

§2. DAO PONG TU DO CUA THANH THANG

1. Phuong trinh dao déong tu do tong quit cua hé

Phuong trinh vi phian dao dong tu do khi khong xét t61 anh hudng cua luc can nhan
dugc tr phuong trinh (3-3) khi khong ¢é vé phai:

y X, 1) 52y(x,t)
[EJ( ) . } (X)T=0 (3-5)

ax’ X°
Nghiém riéng clia phuong trinh vi phan (3-5) ¢6 thé biéu thi dudi dang sau:
y(x. t) = X(x) . T(t) (3-6)
Trong do:
X(x)- hitm chi phu thudc vao toa dé x, né biéu thi dang uén ciia dam:

T(t) - hium chi phu thuoc vio thoi gian, né bicu thi luat dao dong cua heé.



Tix (3-6) ta 1ay dao ham riéng cha y(x, t) theo thoi gian va theo toa do:
y(x,t)  d*X(x)

T 3-7
ox> dx? ® G-
Py(x,t) d°T

o g X (3-8)

Pua cdc biéu thire (3-7) va (3-8) vao phuong trinh (3-3) ta dugc:

2 2 2
d {EJ(X@.TMUQ.X:O
dx dt

dx?
Chia ca phuong trinh trén cho tich m(x).X.T, sau khi bién déi ta sé viét duoc dang sau:

2 2

& {EJ(x)d—iE} T

dx dx® | g¢?

mx)X T
Tir (3-9) ta thay: V& phai clia phuong trinh chi phu thudc vio thoi gian t, con vE trai

chi phu thudéc vao toa d6 x. Nhu vay, mudén thoa man phuong trinh (3-9), thi ca hai v&

cua phuong trinh nay cang phai bang mét dai luong nao d6. Ta ki hiéu dai luong nay la

(3-9)

. Tir do. ta ¢6 thé riit ra hai phuong trich sau:

d? d*X

X dx
m{x).X
d*T
N dt? 2
V'c =
A T o
42 2 |
Suy ra: = {EJ(X)CL}?( }—m“m(x)X =0 (3-10)
dx” dx
d* 5
ﬁ;rJr(n'T:O 3-11)
dt

Ta thay phuong trinh (3-11) giéng nhu phuong trinh vi phan dao dong déi véi hé mot
bic tr do, nghiém ctia phuong trinh nay ¢é dang:
T = A sin {wt + ) (3-12)
Phuong trinh (3-10) 14 phuong trinh vi phin dang udn cua dam. Giai phuong trinh nay
la xac dinh dugc dang dao dong X. Tuong tu nhu déi vdi dao dong cla hé hifu han bac
tu do, khi xét diéu kién dam bao cho hé dao dong ta s& xdc dinh dugc cic tin s6 dao
dong riéng cua hé.
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Trong trudng hop téng quat, phuong trinh vi phan (3-10) ¢é cdc he s6 thay doi theo
toa do. Khi ddm c6 do ciing khong ddi, phwong trinh (3-10) ¢6 dang don gian hon:

4
EJ—C%— o’m(x)X =0 (3-13)
dx
Néu dam c6 do cing khong déi va khéi lugng phan bo déu, ta ¢é:
d*X ., m
-0 = X =0 3-14
o O E 19

Phuong trinh (3-14) duge gidi quy€t cu thé ¢ §3.

Nhu vay, nghiém clla phuong trinh vi phén (3-5) dugc biéu thi duéi dang (3-6) chinh
la nghiém cia hé phuong trinh vi phan (3-10} va (3-11). Vi hé ¢6 v s bic tu do, nén ta
ciing tim duge vo 5O tin s6 dao dong riéng. Tuong {ng vai tan s6 dao dong riéng w;, ta
c6 dang dao dong chinh thit i dng véi ham biéu thi dang uon X, va luat dao déng Ti:

Y (x,0) = X,T, = X;A; sin (o;t +7v;) (3-15}

Nghiém téng quét clia phuong trinh vi phan (3-3) s la:
Yx.0=Y Y(x0=Y XT =3 X.A sin(ot+7,) (3-16)
i=1 =l =4
Phuong trinh (3-16) 12 phuong trinh dao dong téng quat cha hé vé s6 bic tu do.

Trong trutmg hop ké dén anh hudng cia luc can, phwong trinh vi phin dao déng tr do
co dang:

9’ 2’ y(x.1) 'y Ay
El + =0 3-17
Y { {(X)——— o m(x) 812 o (3-17)

O day xét trudng hop luc can nhd, dng véie < 1.

Ta cling bieu thi nghiém dudi dang (3-6) va ti€n hanh lam twong ¥ nhu trén, ta s&
nhén duge phuong trinh dao dong t6ng qudt cta hé nhu sau:

Y=Y Yix,0= Y e X, A sin (0, t+7,) (3-18)
i=1 [

Trong dé: 0 =0, y1-g

2. Tinh chat truc giao cua cac dang dao dong riéng

Tuong tu nhu d6i vdi dao dong cua hé hitu han bac ty do, cdc dang dao déng riéng cia
hé¢ vo $6 bac tu do cfing ¢6 tinh chét tryc giao. Biéu thic cta tinh chat truc giao giita cdc
dang dao dong rieng duge tim trén co s& 4p dung nguyén 1i cong tuong héd Beui doi véi
cac dang dao dong riéng.

157



Xét hai dang dao dong riéng @ng véi hai tan s6 dao dong riéng o; va ;. Khi dao dong
tu do, ta xem hé chiu tic dung cta cic luc quén tinh xem nhu ngoat luc (hinh 3.2).

Véi dang chinh thit i, ta ¢6 chuyén vi cla hé:
Y (x,)=X, T, =X, A, sin (ot + 7y,
Va luc qudn tinh phan bé:
g q(X.1) = m(x) XA sin (ot +7,)
V6i dang chinh thit J. ta ¢ chuyén vi cta hé:

Va luc qudn tinh phan bé:
qJ“q(X,t) :(DJ‘.Z m(x) XJAJ sin ((JJJ[ +'YJ)

%t = omg XAsin(aftsy)

Gkt = (Sj My XYAysin{co; t)

lp' A"l‘ll"'s a

AT,

Hinh 3.2
Ap dung nguyén Ii Betti vao hai trang thdi bién dang ing voi hai dang dao dong dé, ta cé:
L: g (X, Dy (X Ddx = ﬁ 4,4 (DY (x, 1) dx
Hay:
J.‘: o’ m,_ X, A; sin(ot+7y;). XA sin (o t+y)dx =

i oI m XjA; sin(ot+7)) . XA, sin (0,1+7,)dx

Sau khi don gian hai vé€ cho A, Aj.sin (oL + 7 )sin((o)jt +7,)va chuyén vé, ta dugc:

(0)12 40)J2) j‘i m(x)X; X;dx=0
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Vi cic tin s6 dao dong riéng co gid tri khic nhau ; #®; nén ta cé thé viét biéu thtic trén:

[fmx)X; X,dx =0 (3-19)
D6 chinh 1a biéu thiic tinh chét truc giao gilta cdc dang dao dong riéng.
Dang dao dong riéng thoa man diéu kién sau day duoc goi 1d dang chuan:

i mex)X?dx =1 (3-20)
Biéu thic (3-19) biéu thi tinh chét truc giao cia cdc dang dao dong riéng qua khoi

luong cta hé. Tinh chat truc giao gilta cdc dang dao dong riéng con duoc biéu thi qua do
cing cta hé nhu sau:

[[BI0X; | X, dx=0 (321)

3. Xac dinh A, va y; cua phuong trinh dao dong (3-16)
Ta viét lai phuong trinh (3-16):
y(x,t)= z X, A sin (ot +7;) (3-22)
i=I
Trong dé: A, va y, duge xdc dinh tir diéu kién ban ddu: Tai thoi diém ban ddu 1 = 0, 1a
c6 d6 vong va 1oc do ban dau cia hé 1a: y (x) va v,(x). Trudc hét ta tinh dao ham theo
thoi gian phuong trinh (3-22).

¥Wx.0= 3 X, A, o, cos(+7,) (3-23)
i=I
Chit ¥: cic ki hiéu dao ham theo thdi gian, ta dé dau chdm, va ki hiéu dao ham theo
toa do ta dé dau phay.

Thay cdc diéu kién ban dau vio cic phuong trinh (3-22) va (3-23), ta cé:

Yo (x)= Z A X, siny; (a)
=1

Vo (X)= Z A; X 0, cosy; (b)

i-1

D¢ xdc dinh A, va v, ta s€ slt dung bi€u thic tinh chat tryc giao giita cdc dang dao

dong riéng. Muén vy, ta nhan hai v& cua phuong trinh (1) véi m(x) X, dx rdi lay tich
phan tir O dén /:

j'f m(x)y, (x) X, dx = ji (m(x)Xi Z A X, siny,] dx
i=1
Khai trién tong phia trong bén vé phii clia phuong trinh trén, ta co:
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j'u m(x)y, (X)X, dx = j‘o m(x)X; (A, X,siny, + A, X, siny, +...+
+ A X;sinv; + ...+ A X, siny,}dx
Str dung tinh chat truc giao (3-19), ta nhan dugc:

j': m(x)y, (x) X, dx = J'i m(x)A, X/ siny, dx

f’ m(x)y,(x) X, dx
Hay: Agsiny; = —— (3-24)
[, m(x)X? dx

Tuong ty ta nhan hai v& cha phuong trinh (b) v6i m(x)X, dx va ciing lap lai qud trinh
nhu trén, ta s& nhin duoc:

.[i m(x)v, (x) X, dx
(3-25)

A cosy, = L - .
©; j‘n m, X; dx

Tir hai biéu thic (3-24) va (3-25), ta suy ra:

L m(x)y,(x) X, dx
v, = drctg (3-26)
_[ m, v (x) X, dx

/ m(x)v, (x) X, dx
l+lg ¥i j (3:27)

meclx

Hoac:

t meoy, (0 X, dx
A=— ; (3-27)
SIYy; jﬂ m, Xi2 dx

Néu dura biéu thite (3-24), (3-25) vao (a) va (b) ta s& nhan duoc:

H m(x)y,(x) X; dx
y]‘,o(x) = Xi ! 2 (3_28)
J.“ m, X dx

ﬂ m(x)v,(x) X, dx
Vi o{X) =X - (3-29)
L mKXi2 dx

Céc bicu thic (3-28) va (3-29) chinh 1a cdc thanh phédn khai trién cha chuyén vi ban
dau va toc do ban dau vao cdc dang dao dong riéng.
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§3. DAO PONG TU DO CUA THANH THANG CO KHOI LUGNG PHAN BO PEU
VA TIET DIEN KHONG POl

Trong trudng hop nay: m(x) = const, EJ(x) = const, phuong trinh vi phan dao dong tu
do (3-5) sé la:

Sy m 2y

" > (3-30)
. ox” E} & .
Phuong trinh vi phan bigu thi dang uén ¢é dang (3-14) duoc viél gon ¢ dang sau:
d*X .,
+-K".X=0 {3-31)
dx
Trong do:
,
4 e~
= 3-32
T (3-32)
Nghiém cua phuong trinh vi phan (3-31) ¢6 dang:
X =Achkx+ Bshkx + Csinkx + D cos kx (3-33)
D¢ tién cho vige tinh todn sau nay, ta dat:
1 1
A:;{C]'FC}); B:;(C2+C4)
| ]
Lic ndy, ta ¢ thé biéu thi nghiém nhu sau:
X:C|AKX+C2BK‘(+C3 CkX+C4 D]\'X (3-34)

\
A, %(ch kx +cos kx) |

B, =%(sh kx +sinkx)
trong do: I (3-33)
Cy = —(ch kx —coskx)

Dy = ;(sh kx —sinkx)

Céac ham trén duge goi la ham Crulov va chéng tuan
theo quy ludt dao ham sau: (xem hinh 3.3)

AL.\ = KDI\',\
D;, =KC,,
CL\ - KBk.\'
B'k,\‘ = KAI\'\

Hinh 3.3
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Var A, =1

By = Coy = Doy =0
Tir (3-34). 14 ¢o cdc dao ham:
X, =C/ KD, +C,KA +C;KB,, +C,KC,
X! =CKC, +C,K’Dy, +C:K? A, +C,K By, (3-36)
X! =CK'B, +C,K'C,, +CK' D, +C KA

Cic hang 6 C,., C,. C5. C; duge xdc dinh tir diéu ki¢n bien, gia sir1ai x = 0. ta cd:

M 7 Qu
(\ (1) = X X(\. “)—9 X\ () — E_;')‘(x:(!)zfg
Thay cic diéu kién bién trén vao cdc phuong trinh (3-34). (3-36) ta sé nhan dugc:
1
Cl - X() C,= _Ou
- K
C;Z— I\ilo . C_;:— Qo
' K°EJ K’EJ

Bua lat cdc hing 6 nay vao (3- ?4) v (3-36). ta c6 phuong trinh chuyén vi va néi luc
cua he nhir sau;

X'(x)=X KD, +0, A, M, ka—L?L kx

 KEJ K’E} (3-37)
Mix)=-EJX K°C, -EJO KD +MA, + %Bh
Q(x)=-EJX K'B, -EJOK°C, +M KD, +Q.A,,

Hai phuong trinh dau caa (3-37) Ia hai phuong trinh bién dang. con hai phuong trinh
sau [a hai phuong trinh néi lyc. T cde diéu Kicn bién cu the cla bai todn, ta s€ xét diéu
kicn diam bio hé dao dong dé nhan dugc cic thong s6 K v tir d6 sé xdc dinh duoce cic
tan so dao dong riéng cia he.

Thidu3.l:

Xic dinh cac tan 0 dao dong riéng va phuong trinh dao dong téng qudt cua hé cho ¢
hinh 3.4, h¢ ¢6 khoi luong phan bé déu va tiét di¢n khong doi.

. Xie dinti cde tan sa dao dong riéng: cic diéu kién bién ctia dam don giin

- Tai dau didm: x =0



- Tai cuor dam: x = |

X“‘):O
M, =0

iy

EJ = const
m = const

—

e \\
by ~ Pa
‘\\ // ,
//IIH\\
™,
P N
Hinh 3.4

Thay diéu kién bién nay vao phuong trinh thr nhdt va tha ba cua (3-37), ta dugc:
&
— Bk! *W?U Dy, =0

K'EJ

M;;, =-0,ETK Dy, ‘*'%Bu =0

X =
K (a)

Dicu ki¢n de cho hé t6n tai dao dong la 0, va Q, phai khdc khong. Do dé, dinh thic

cic hé 0 twong dng ciia hé hai phuong trinh (a) phai bing khong:

1

B —
M K'EJ

|
— D,
K K/

D= =0 (b)

1

Sau khi khai tri¢n dinh thic (b) va thay cdc ham By, Dy theo (3-35). ta s¢ nhin duoc

phuong trinh tdn $6 sau:

Shk{ . sinki=0 {c)
Ta bi¢t rang: K luon khdc khong, nén kf ciing luon khic khong vi do d6 Shk/ # 0 vay:
sink/ =0
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Suy ra: ki=im vGii=1,2, 3... . (i nguyén va duong)

Hay: - ;

=1 W, = =
l l & & m
2

n- (E] 39,48 |EJ]

=2 0, =2°  — =4q /_:

l ? 7 Vm : ” VYm
- 3 w [E) 0, 38826 [EJ
[ . oy = - — _ = —= 3 —-—
) /2 m l I m

2. Xét dinh dang dao dong rieng
Phuong trinh dang dao dong cia ddm duge viét theo phwong trinh dau cua (3-37) ¢

tinh dén dicu kién bién dau trii.

Q
— 0() QU _ GO K‘?EJ 2]
Xi - KlBkix _@Dktx - Kl Bkix B_Q Dk-lx (e)
K;
Tu phuong trinh dau cua (a). ta ¢d:
EL . _Qg = &L
K'EJ K, ] Dy
Ta thay B, via Dy, theo (3-35) va tinh dén diéu kién Sin k/ = 0. thi $& nhan duoc:
Q.
K/EJ .
0,
K.

The gid tri ndy vao bicu thic (e), va thay ti€p cic ham By . Dy theo (3-35). ta s¢

Vit lai (e) nhu sau:
0, . 0, . inx
X, =—"sinK,, = —+sin— {g)
i i
Ung vdi cédc gid tri 1 khidc nhau, ta ¢6 cde dang dao dong riéng tuong tng. Trén hinh 3.4
Mo ta mot $6 dang dao dong riéng (ng voi cic tan s6 duo dong riéng . ®,, o, clia he.

Thé ham dang X, theo (g) vao (3.16) ta dugc phuong trinh dao dong tu do cta hé:
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y(x,1) = ZA]—gﬁLsin¥sinmit+yl) ¢h)
i=1 i
Trong dé: A, va v, duge xdc dinh tir di¢u kién ban dau:
Tait1=0, co:
y(X, t=0) = y(x)
¥ (x, 1= 0) = v,(x)
Tir (3-26) ta cd:

! . 1mX
j('; mx)/u(x)xidx .L} yu(x)sm—-‘-’—- dx ]
¥, = arctg o, = arctg o, ’ — (1)
o MLV, (X)X dx N vo(x)sin—de
A, dugc xéac dinh theo (3-27):
i . imX
A ] J’{i mxyo(x)Xidx_ i jo YO(X)Sm—]----dx
' siny, J’i m, X dx siny, 97(,]-: Gin2 X .
K, ™ /
2 L’: yo(x)sin—lF—x dx
- / (k)

Isiny, ,e,o,
Pua (k) vao (h) ta nhan duge phuong trinh dao dong tu do cua dam don gian khoi
luogng phan bé déu, tiét dién khong doi:

y(x,t):z —2— J"'yo(x)sinﬂdx.sin(o)it+yi) {m)
i-t Isiny, ™° !
Th.,: du 3.2.' EJK: const
m, = const

Xdc dinh tan s6 va dang dao dong riéng
clia dim mot ddu ngim mot dau khép. Dam 1 ”;7’
¢é khoi luong phian bd déu va 1iét dién % :

khong déi. (hinh 3.5).

Ta c¢é6 diéu kién bién ¢ hai diu dam j — —
nhur sau: \\‘~5H__,///
Ta:x=0 X,,=0 L=
4 - Sy
X'\, =0 ATee 7 s
Tarx=1 X,=0
AN
M“f:O % \\ 7 \\\ //
Hinh 3.5
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Thay cic biéu thic (3-34) va (3-36) vao cdc hé thiic trén ta nhan duge: C, =0, C, =0
vao hé hai phuong trinh sau:

‘ a
biéu kién dé ht dao dong 1a dinh thic ctia hé phuong trinh (a) phai bang khong:
€y, Dkll _0 (h)
Ay Byl

Pua biéu thire (3-35) vao (b). ta nhan dugc phuong trinh siéu viét sau day dé xdc dinh
1an so:

tg ki=th ki (c)
Nghi¢m cua phuong trinh nay la:

kD, = 3,927, (b, = 7,069

4 15,42 fEJ 49,93 (EJ
(kh), = i+l ‘TSUYy ral @) = — — Wy =— — . {dD
4 I m I m

Cic dang dao dong riéng cGa dam duge xdc dinh theo phuong trinh sau:

X](X) = Ai [(Sin Kl, + sh K} !) (Ch Kl X - COS8 K] X) -
-(ch K, I+ cos K; f} (sh K, x - sin K; x)] (e)

Trén hinh 3.5 moé ta mot s6 dang dao dong riéng cua dam. Gia tri cdc 1an 0 va dang
dao dong riéng nhan duoc & thi du (2-9) phll hop vai két qua & day.

$4. DAO PONG CUA HE VO HAN BAC TU DO CHIU TAC DUNG XUNG

Nhur da biét, dudi téc dung coa xung tde thoi. hé s& dao dong tu do. Phuong trinh dao
dong t do tong quat clia hé vo 56 bac ty do duge xdc dinh theo (3-15):

Fa

VD=3 vix) =Y X A, sin(o,t+7,) (3-38)

-1 -
Trong dé A, va v, duoce xidc dinh tr di¢u Kién ban diu theo (3-26) va (3-27). vin dé o
day la A, vay, duge tinh cu thé nhu the nao?
Ta bi¢t ring. tai thoi diém ban ddu dudi tic dung cla xung luc phan bo trén hé S(x)
khoi luong phan bo cia hé sé nhan duoc vin 16¢ ban ddu:
_S(x)
- m(x)

v, (X)

Vit néu ta xem rang: Tai thoi diém ban dau chuyén vi chia he bang khong. thi dicu
kicn ban dau cua hé ¢d thé viét nhu sau:

166



y(x.t=0)=y,(x)=0

il 3-39
Tait=0 st =0)= v, (x)= S(x) { )

m{x)
Dua ciic diéu kién ban dau nay vio (3-26) va (3-27) ta xdc dinh duogc:
L S0 X dx
Aj=—— (3-40)

0, Ls m(x)X; dx

Pua gid tri v; v A, nay vao phuong trinh (3-38), ta nhan duge phucong trinh dao dong
cua hé vo so bac w do chiu tdc dung xung:

= x [ Sx)Xdx
S 0

s

v(x,t)= sino;t (3-41)

1O J'j m(x)X? dx

bé thay dugc su tuong w vai phuong trinh dao dong chiu tac dung xung cua hé mat

bac tu do. hé hivu han bac t do, ta nhan trén ur s6 va mau s6 cia biéu thic (3-41) vai m,
1ol dit:
[
|, S(x)Xdx

Si(X):lnx Xi ‘I—‘"___ (3_42)
[, me)X] dx

Ta viét Tal phuong trinh (3-41) nhu sau:

y(x,l)=i S, (x})

i=l mxmi

sin m;t (3-43)

Thanh phan S(x) dugc goi la xung khai trién theo dang chinh thi i. Phuong trinh
(3-43) con viét 6 dang sau:

o S x)
yix.)=>3 i K, (1) (3-44)
1=1 [n\
Trong do:
K (1)= sino;t (3-45)
©,
Ngudi ta cliing ching minh dugc rang:
Sx)=3 8.(x) (3-46)

i1
Ncu xung tdéc dung khong phai thot diém 1= 0, ma tai thdi diém t = 1. thi phueng trinh
dao dong tong qudt cia hé s& fa:

P

yix,0)=>

i=l m, 0y,

S, (x

sin o, (1 —1) (3-47)
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Luc dan hoi cua hé khi chiu tac dung clia xung tic thoi duge tinh qua luc qudn tinh:

go(x.0=3 -m, %:Z $,(x).0; sine,t (3-48)

i=) i=1

Thi du 3.3:

Xdc dinh d6 vong va mdé men udn l6n nhat

S
trong dam don gian chiu tic dung cla xung tic TSR
thoi phan bé déu theo truc dam. Diam cé khéi & o
lugng phan bs déu va tigt dién khong d6i. %\?J‘m .' %ﬁ
N

O thi du (3.1) ta di ¢6 biéu thic xdc dinh cdc
gid tri tan s6 cua dam: Hinh 3.6

Va dang dao dong riéng cua hé:
Ta tinh thanh phan xung khai trién theo cong thic (3-42):
[ S(x)X,dx
S;(x)=m, X —]‘—ﬁ———
j'n m(x)X? dx
_ [ S.sin(}?-r—"—(]dx
. [mx N !
= msin (T]

[ 1mx @)
fu m.sin’ (—]— J dx

Ta tinh tir s& cia biéu thic (a)

j.f S.sin(ﬂ] dx=.S—[(] —COsT)= Q_SI
¢ [ Im n

véii=1,3,5,7..
Mau s cua (a);

f, S.sinz[ii;iJ dx=m f’)

Do dé bicu thic (a) sé la:

(1coszz-iﬂde=L”
\ / 2

| —

. o .
S.(x)— m.sin TX. 3035 IS (b)
{ Imm! in !
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Phuong trinh dao doéng cia hé duoc tinh theo (3-43):

48.5in [#)

X, t)= 3 - sin (izm 1)
4 i:zm . i’n? EJ !
m.m- —— —
 m
482 =c 1 inx) . .3
Hay: (x,t)= sin (—J sin (1"m, t) (c)
d Y 7' VEIm i |3 it ! !

T
Gid tri 16n nhat cia chuyén vi y,,, theo thoi gian xdy ra khi sin(i’ 1) =sin i 5_—)

Ung véi thoi diém:

A
tm— = —
20, 4
Trong dé: T, 1a chu ki dao dong riéng clia dang dao dong chinh thir nhat:
481* z 1 . (inx
y(X)= == - sin [—J (d)
m° VEIm i:%.s i? [

Gia tri 16n nhét cua chuyen vi y_ . theo toa do dat dugc tal vi trix = 5 :

asr 7 s’

== (e)
VEIm 32 8JEIm

Pé xac dinh noi luc moé men uén trong dam ta st dung biéu thic lién he vi phén gilia
néi luc va chuyén vi:

X > ()

Dua (d) vio (), ta dugc:

M(‘()M—EJ

| —
o
[¥s]
e
[R=3

o 1 itn? im\')
— ——sin | —
7 VEJIm x—é it P ( ! J

i 1 sin [ifjx) (g)

=13, 1

48

5 | &

b1
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dM(x)

dx

, . 1 )
Ta thay: =0 tai x= 5 do do:

M _45 B i }—sin(i%):

max
T ym ;z13.. 1

45 (E] 1 1 3

=— l——+——+ ..

T ym 3 5 7 J
45 J EJ
v 38 [B x o[BS
- T ¥m 4 m

§5. DAO DPONG CUONG BUC CUA HE VO HAN BAC TU DO CHIU TAI TRONG
PONG BAT KI

Phuong trink vi phan dao dong cua hé vé so bac ty do chiu tii trong bat ki khong xét
161 anh hudng cua luc can nhu da bigt (3-3):

& y(x,1 Fy(x.t
3 |:EJ‘ ;(t’j )}mx YD _ qon) (3-49)

Ta biéu thi nghiém téng quat cta (3-49) duéi dang tdng clia cic nghiém riéng (3-6)

yx.tr =Y X.(x). T.() (3-50)

1=1
Pua (3-50) vio (3-49) ta cd:

i [EJ, X"(x)].T](t)]"+i m, X, ()T (1) = g(x.1) (3-51)

1=1 i=!
Nhan hai vé& ctla phuong trinh (3-51) véi X,(x) dx roi ldy tich phin, ta duge:

(f i {EJx X?'(X)-Ti(t)]" X (x)dx +

i
[ 5 [m, X, 0T 0] X;e0dx = [ X, (x0q(x.1)dx (3-52)
i=i

Ta khai trién 1ong phia trdi cua phuong trinh (3-52) va sit dung cdc biéu thife ctia tinh
chat true giao (3-19) va (3-21) ta nhan duce:

0 [E1LXI0T0] X, (0dx+
| ) 1 (3-53)
[P m X, T X, 00dx = | X (0q(x, 0dx

Pua mot nghiém riéng dng voi dang chinh thi i
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Vo (X0 =X A, sin{ot+v,)
viio phuong trinh vi phan dao dong (3-5), sau khi tinh dao ham va chuyén vé, ta nhan dugc:
wim, X, (X)A, sin{ot+7,) =[EJ, X{(x)A; sin(o;t+; )]H
Don gian hai vé cua phuong trinh trén cho A sin{w;t+7v;). ta co;
mfmxXi (x)= [EJ‘\X';(X)]H

Nhan hai v& cla phuong trinh nay véi Xi dx réi 1ay tich phén:

o ['mX2eadx = [1 [E1,X/0] X;(x)dx
Suy ra:

-

{'[ET, X1(00] X, (x)dx

(3-54)

L: m, X?(x)dx
Bay gid ta viét lai phuong trinh (3-33) ¢ dang sau:
T m X (dxydx+ T [ [E1X/(0] X;(x)dx = [ X, (x)q(x, Ddx
Chia hat vé cua phuong trinh trén cho tich phan j’(: m, X{(x)dx va sir dung biéu thic
(3-54). ta sé nhan duoc:
ﬂ X (x)g(x, )dx

T+ 0T ()= G (3-55)
m, X (x)dx

Pay la phuong trinh ¢6 dang gidng nhu phuong trinh vi phan dao dong cua hé mot bac
ur do. Nghiém cua phuong trinh nay.
L L'}Xi(x)q(x“r)dx

Tl (=— Lv { 2
0, [ m X{(x)dx

- siney (t -T1)dt (3-56)

Th¢ (3-56) viwo (3-50) ta nhan duge nghiém 10ng qudt cua dao dong cudng bic hé vo
$0 bie tu do chiu tai trong bat ki:

i
LY [« X 0g(x tdx
Yin-F Xt g J,

1 (!)]

- sinm, (t—1)dr (3-57)

{

’ ﬂ m, X?(x)dx

D¢ thay duge sut wong t voi phuong trinh dao dong cia hé mot bac ty do. hé hiu han

bac tu do, ta nhin trén r $6 va dudi mau s6 cua phuong trinh (3-37) vé6i m vadat:
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[ X, (x)q(x,1)dx
1

(3-58)
J, my X7 (x)dx

q;(X.t) =m X;(x)

q.(x,1) goi 12 tai trong khai trién theo dang chinh thif i ca tai trong dong phan bd bén
ngoai tic dung vao hé; (3-58) c6 dang gidng véi (2-130), ta cé thé tim duoc (ai trong
khai trién g,(x, t) theo (3-58) nhu sau:

Pat: QR0 = QD + Q) + s+ G(x D+ = 3, (K1) (a)

i=l

Xem rang: q; (x,1) = m(x).X; (x).a; (1) {b)

Pua (b) vao (a):

q(x, 1) =m(x)X, (x).ct, () +m(x)X, (x).a, (1) +.+mx)X (X))o (D +..= m(x)iXi (x)a, (1) {c)

Nhién 2 v€ cta phuong trinh (¢) v6i X (x) sau d6 1&y tich phan s& dugc:

ﬂ X, (x)g(x, dx = f X, (x)Im(x) i X, (x).o;(1) dx (d)
i=1

Khai trién t6ng bén vé phai cha phuong trinh (d) va dp dung biéu thic tinh chat truc
giao cac dang dao dong riéng (3-19), ta co:

ﬂXj(x)q(x, dx = ﬂXJ-(x)m(x) X‘I-(x)aj.(t)dx

Suy ra:
X (x)q(x, t)dx X (x)q(x,0)dx
a;(t) = f‘ ! > yhay:  o,(t)= f’ . {e)
' ﬂm(x).Xj (x)dx ﬂm(x)X,‘ (x)dx
Dua (e) vao (b) ta nhan dugc biéu thirc (3-58).
Ta xem: q(x, 1y =q(x) . f(1)
Khi do. phuong trinh (3-57) s¢€ la:
Y(x,t):i Q%) L Ilf(r)sinmi(t—r)dt (3-59)
- om, oo
Hay:
Y(x,t) =2 G K0 (3-60)
=l Ml
Trong dé:
Kui(l):L L‘) f(1)sino(t-1)dt (3-61)
,

Bi¢u thic luc dan héi duge tinh & dang 16 hop vo han ctia tich tii trong phin ba khai
trién theo cic dang riéng vdi hé s6 dong hoc thay doi theo thoi gian tuong ing:
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o

qq(x. 1) =2 q;(x).K; (1) (3.62)

il
Trong dé: q,(x) dugc tinh theo (3.58) khéng ké dén bién thoi gian, K (t) duge tinh theo
(2.140). '

Biéu thilc mémen uén ¢é thé duoc tinh tir quan hé¢ vi phan sau:

azy(x.t)

M(x,1) = -EJ(x)—=

10X

Phuong trinh dao dong (3.57) ciing ¢6 thé nhan dugc r viéc sit dung két qua khi tinh

hé vo 6 bac wr do chiu tdc dung ctia xung tic thoi (§4). Trén biéu do tai trong, tai thoi
diém 1 ta tdch ra mot phan 16 tai trong:

dSI = qi(x* T) .dT
Xem rang: tai thoi diém 1, hé chiu tdc dung clia xung dS. Ta tinh dugc chuyén vi do

xung phan o giy ra dy (x, 1) va do dé sé tinh duge y(x, t).

Khi hé chiu tic dung cta cic luc tap trung P(t) dat tai cdc tao do x;, ta co thé thay the
céc 1ai trong nay bang tai trong phan bo twong duong §(x,1), sao cho tdi trong tuong
duong pay ra dao dong d6i vdi hé cling gidng vdi cdc tai trong tap trung. Ta thay rang:
tich phan trén tr s& cha biéu thic (3.58) giong biéu thitc xdc dinh gid tri dai lugng
nghién cdu cta dudng anh hudng cho boi phuong trinh X, do tai trong phan bo g(x.t) gay
ra. Khi cdc tai trong tap trung tic dung, biéu thic xdc dinh gia tri dai lugng nghién ciiu
doi vai phuong trinh duong anh huong X, do cdc luc tp trung dé gay ra la:

m

ZPj(t)Xi (x,): m: sd lyc tap trung

=1
Vi viy ta ¢6 thé vi€t biéu thic tai trong phan bo tuong duong déi véi dang dao dong
riéng tha i nhu sau:

m
2 P X(x)
0G0 = m X, S (3.63)
J‘mxXildx
0
Thidu34:
Xic dinh do vong vi momen uén 1on nhit trong dam don gian chiu tic dung cla tai
trong dat dot ngot sau dé gilr nguyén gid tri uwén hé, tai trong nay phan bé doc theo truc

dam véi quy luat:

q(x)= 'qsinn_f



Dam ¢6 khoi lugng phan b déu va tiet dign khong doi.

g
a) ol i|| l
o !HH“HH -l
797' EJ.m . “*T )
- |
$q(l)
“n
o) 1
0\
by
|,\|< XH
cj 0 —
Ml
d) o) Zatt | HBS! xil

Hinh 3.7

O thidu (3.1) ta di c6 gid tr1 cde tan s6 va dang dao dong riéng:

=
o
o, =1 —
I”

X (x)= sln—
!
- Xdc dinh 1ai trong khai trién theo (3.58):

f‘q(x)dex

('1|(x):n].\Xi N
ﬂl]}X; dx

Ta tinh mau sé&:

fm}\ d*(—mfsm [”;‘()d‘(—A

174

m/

P



Tinh tich phan trén i s0:

! ;. MX ., WX

f g, X dx =q _[ sin—sin—dx =
(8] [§] k !

[cos i ])a—cos (11)a}dx =
2 2

__949
~on j“

0 khi i=2

1Y i
-

Thay cac gid uri tinh duge vao biéu thiic gy, ta co:
qf

. TX
q,(x)=mX, 'Bszqui :q.sm7

2

G =g(X)=q(x)=0: 122
Diéu dé cé nghia 13: Véi dang tai trong phan bo theo truc dam véi quy luat sin tring
vii dang dao dong riéng thar nhat thi hé chi dao dong theo dang chinh thi nhat dng véi

tan $6 dao dong riéng o,.
Ta tinh hé¢ s6 anh huong dong hoc thay doi theo thoi gian (3-61)
I-cosojt 2 . 2[03,{}

1 .
K.d,(l)zij" Lsino(t -t)dt=——-— a
o ! (!)i‘ On

Phuong trinh dao dong cua hé viét theo (3-60):

Y(x.1)= ]'( )K”(I)— 2q’ sinE-sinz(——)
me; / 2

Chuvén vi 16n nhat ctia hé xay ra tai vitri x = > va tal thoi diémT,/2

2q 5 g

Y iy =TT =
TN ll’lﬂjjz 243 EJ

Néi luc mo men uon:

2 2
O y(X.1 2 o X ot
yiet) _ 29 — st — sin” [_ll ] =

M{x.t)y=-EJ = 5
ox” mo;
ql" X . o [ ol
Ssin—sin” | ~——
T’ [ 2
2q."2
Gia tri l6n nhat cua mo men uén M, =
)

Trén hinh (3-7) mo ta bi¢u do do vong va biéu d6 mo men uon doc theo true dim:
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Thi du 3.5:

. . . P(t) = Psinrt
Xac dinh phuong trinh dao dong cua dam
cho trén hinh (3.8). Dam cé khéi luong phan EJm
bé déu tiet dién khong doi, chiu luc dong ]
tuan hoan Psinrt. Xic dinh do vong 16m nhat ‘—**_—.II
. l r 3 [ -
khia=—, —=—.
w4 Hinh 3.8

Khi hé chiu tdc dung cia luc dong tuin
hoan, hé s6 K_(t) theo (3-61) duoc tinh cy thé nhu sau:

| . sinrt
K, (ty=— I(J51n rTsing, (t—-1) dt=—
o, w? -1’
1 1
Thay hé s6 nay vao phuong trinh (3-60), ta co:
¥ o H . 1 = o
o, (X)  sinrt  sinrt q;{x)
Y(x, )= —— ———= 2 =
=t My W —r° m =1 O —r°
O thi du (3-1) ta da ¢6 tdn $6 va dang duo dong riéng:
o [EJ
(i)i =1 -5 _—
/- m
. ITX
X, =sin ——
{

Theo (3-63) ta xdc dinh tai trong khai trién theo cic dang dao dong riéng trong trudng

hop hé chiu tac dung cua tai trong doéng tip trung:

m

- . Ima
‘ZIPV,(I;A\I(.\}) . Psin'
qo=mX; & ; - = msin — - — L
[ m, X5 dx ! m/
(4} 2
2P imx ima
= 5 - .
o { { /
Thay gid trt nhan dugc vio (3-63) ta ¢6 phuong trinh dao dong cua hé nhu sau:
LImX | Ima
singt = op S s
Y(x‘l) = Z - 7 2 2
m oy O
Gia tri do vong dat 16n nhat theo thoi gian khi sinrt = 1, ta co:
in " sin ima
)
Y(X) - Z 17 - ! — -
mi 5 Wy —1°
L ImX . Ima
')I),Lx T sSin - S -

~ n'EJ Z| .4[ 2 J
- 5
w;
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e TY
Khi tai trong déng dat tai vi tri gitta dam (u =5 thi do vong cua dam dat gia tri lon

nhit theo toa do. Khi dé biéu thic tr s6 bén trong dau 6ng s& la:
\ .. .
Coimx . ima . in]2 0 khi 1=2.4... (chin)

§in — sin— = | sin— | = . .

I ! L 2 1 khii=13..(l&)

Do do:
] A I

max T T{JEJ; i:|z_3. -d 1-2
= 2
. w,

p
Trong dé: Y =

] la do vong tinh do tai trong tap trung dat tinh tai gifta dam gay ra.

. PERUTTVE |
Tinh cac 1 s6 —

(!)]-

. 75 . -

ot L0 o83 —0.03: 2 =0.015:..
By 370, 9 i

(5 0
Vayv:

Y. =Yy 9—? - L . .. = 2.254.Y,
| | 1h1-0.75%)  3*(1-0,083%)

Nhu vay ¢6 nghia [i: O truong hop bai todn cu the ta xét he so6 dong cua do vong

=225
gy = 2254,
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Chuong 4
DAO PONG PAN DEO HE MOT BAC TU DO

$1. KHAI NIEM

Xét dén tinh déo caa vat licu co v nghia thuc tién 1dn. dac biét d6i véi cdc cong trinh
chiu tdc dung ca tat rong ngan han. Khi chiu tic dung cta tai trong ngan han cudng do
1611, nhicu trudng hop cho phép bién dang dco, di¢u dé thich hop véi viée st dung cong
trinh trong mot théi gian ngan cta tai trong dong ngan han tac dung ma khong bi phi
hoat. Bon vi, véi tac dung cia tai trong ngan han. khi két cau bi bién dang qua giai doan
dan hoi. thi wi wong dong dia mat di roi. Chinh vi vay tinh két ciu cong trinh chiu tai
trong ngan han lam viéce trong giai doan déo ¢ ¥ nghia thuc tién 16n.

Pac trung co ban cta két cdu lam viéc trong giai doan déo dugce thé hién & biéu doé
quan h¢ gifta Gng sual vi bién dang (o - €). Cic biéu d6 quan hé giita (ing suat va bién
dang cta vat liéu ¢6 nhicu dang khdc nhau khi chiu tai. Véi da 6 cde vat lieu xay dung
ta st dung thich hop cdc biéu do quan hé (o - £) nhu sau: hé dan hdi déo li wong:
(Hinh 4.1a); hé dan héi ¢o su lang tng sudt qua giai doan dan hoi: (hinh 4.1b); hé cling
deor (hinh 4.fc): h¢ cting déo ¢é su tang tng sudl: hinh 4.1d; hé véi dic trung dan hoi
phityeén bat ki: thinh 4.1¢). Hé ¢6 dac trung dan hoi phi tuyén bat ki ¢é the thay duong
cong phi tuyén bat ki bang dudng gay khic cho wrén hinh 4.1f.

. e —_/ .

h) v 7 c) L

Hinh 4.1
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Khi tinh két cau chiu tai trong ngin han, ta thuong phai xac dinh nét fuc va chuyén vi
16n nhit trong hé. Nhu da biét: Chi ¢6 cde tan s6 thap 1a ¢é anh huong 16n dén quy luat
chuyén dong cua hé. Vi vay trong nhiéu trudng hop tinh dao dong cua hé chiu tai trong
ngan han ta chi han ché 18y s6 bac wr do khong ién va thudng lay tan s6 thdp nhat, tdc 1a
ta tinh hé nhu hé mot bac tu do. G hé mot bac ty do. cdc hé s dong hoc duge sit dung
ral tién 101, né cho phép dua bai todn dong ve bii todn tinh bang thay thé tai trong dong
bang tai trong tinh tuong duong nao do. O chuong 1, khi xét hé mét bac tu do ta di biét:
ddi véi he mot bac tu do trong giai doan dan hoi chi ¢é mot hé s dong, hé s6 nav chung
cho ca chuyén vi va ndi luc ctia h¢. Nhung doi véi hé mot bac tu do trong giai doan déo
thi hé s6 dong chuyén vi khic véi hé s6 dong noi luc, hé s6 dong noi luc ciing chinh 1a
h¢ s6 dong tai trong. Ta goi h¢ s6 dong chuyén vi 1a K. goi h¢ s6 dong tai trong la K,
taco K, =K.

H¢ s6 K, duoe xdce dinh bang quan hé gita chuyén vi cuc dai trong hé khi chiu tii
trong dong: y .. vOi chuyén vi do tai trong tinh cé gid tri bang gid tri 16n nhat cua tai
trong dong gay ra: v,

— ymu\ /
K, - (4-1)
He 50 K, duge xdc dinh bing quan h¢ gilta tai trong finh tuong duong: P véi gid tri

lém nhit cua tai trong dong P

K,=14 (4-2)

§2. DAO PONG PHI TUYEN CUA HE CO LUC PAN HO1 BAT Ki

1. Phuong trinh vi phan dao dong

X¢ét dao dong cua hé mot bac tr do ¢d mo hinh don gidn cho trén hinh 4.2a. Dac trung
dan hor ¢6 dang phi tuyén bat ki duge phan danh wén hinh 4.2b. Vi dic trung dan hoi phi
tuven nén dao dong cua hé duge xét la dao dong phi tuyén (phi tuyén vat 1i). Phuong
trinh vi phan chuyen dong cta h¢ duoe xay
dung trén co sd nguven | Dalambe tir didu

Kicn ciin biang cua cic lue trong dé co ke dén
luc quan tinh duoe viet nhu sau:

2

!
|
\
1
\

d-y
M—-+P, =P (+-3) -
de- V arcigk |
L . P iy) ol ...t 1 y
Quan he cua lue dan hot vér chuvén vi i Forer

duge xem XE o hat giai doan: giai doan ting
' ' ' Hinh 4.2
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14i va giai doan dé tai. Khi tang taf quan hé cta luc dan hoi véi chuyén vi cé dang phi tuyén
bat ki, con khi d& tai quan hé ¢6 dang tuyén tinh nhu cho trén hinh 4.2b. Khi do tai:

Pd(y) =K (y - yd)

divmax)

K

Trong da: Yo = Ymux ~

Véi: v, 12 chuyén vi cuce dai cia hé khi chat tai, va K 1a dé cting dan hoi cta he khi
dd tai. Khi do. phuong trinh vi phan dao dong cua hé sé cé dang:

- Lic tang tai:

d2
M 3;‘ +Py(y,) = P() (4-4)
dt* )
- Lic d&
d’y,
M a2 +R{y, -y ) =P) (4-5)

Trong dé: y, s& 1a chuyén vi cua hé khi tang tai, y, 12 chuyén vi cha hé khi d& tai.

Khi quan hé P(y,) va tai trong P(t) la bat ki, nghiém cua phuong trinh vi phan (4-4) c6
thé dugc tim biing cic phuong phap tich phin sé.

2. Tic dung cua tai trong dat dot ngot va gier nguyén mai trén hé

Khi hé chiu tdc dung cua tai trong dat dot ngot,
sau do g1t nguyeén mydi trén hé. ta co: T P{l)

P(1) = Pm = const P..

Ta s¢ tién hanh tim nghi¢m cua phuong trinh vi
phan (4.3) nhu sau: Of it T

NCu xem rang: Hinh 4.3

d:y 1 d (dy Jl
di= 2 dy Ldt

thi khi ticii phan hai vé cua phuong trinh (4-4) ta s¢ nhan duoc:

2 dt

M(dy, Y
_(&J + [} Py dy =Py, +C, (4-6)

Tir bicu thitc (4-6). ta suy ra:

dt M
dy, 2

1
\/Pm'yl +Cy - _[:.I Paly))dy
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Tich phan hai vé& biéu thikc trén, 1a s& dudc:

Gy = M P 2l 47
2 \me-yl"'Cl_Hl Py(y,)dy

Céc hing s6 C,, C, trong céc biéu thic (4-6), (4-7) dugc xdc dinh tur diéu kién ban

x > st r S - rd d
ddu. Néu xem diéu kién ban dau bang khong, titc [a: tait =0, tacé: y, = O,ﬂ-g;]u =0 thay

diéu kién ban ddu vio (4-6) va (4-7), ta nhan duge C, = 0, C, = 0. Chuyén vji 16n nhat

dy

cta hé dat duoc tai thoi diém khi —+ = 0. Dua diéu kién nay vao biéu thic (4-6). ta c6:
t

Pm 'YI(max) = Kl Pd(yl) dy (4-8)
Gia s( ta tinh véi luc dan hoi ¢6 quy luat liy thira:
Py(y) =K.y" (4-9)
Trong trudng hop nay. tir phuong trinh (4-8), ta s€ nhén dugc:
|
(n+HP_ in
ymax = [—I—{—m} (4‘ 10)

Thé biéu thitc (4-10) vao (4-9) ta co:

PdY(max) =(n+ I)Pm (4'1 1)
Bay gidy ta s€ xdc dinh hé s6 dong chuyén vi va hé s6 dong tai trong. Po vdng tinh do

U . R P, \n
tai trong dong co gid tri 16n nhat gy raja: y; = (-li(“ujn .

Tai trong déng ¢6 gia tri 16n nhit: P
Tai trong tinh wong duong: Py= Kyr,, =(n+DP,_ .

Do d6, ta c6 hé s& dong chuyén vi:

1

K, = Im o (n41yn (4-12)
YT
Hé s6 dong tai trong:
P
Ky=5t=(n+D) (4-13)

Co he so dong K, K, dugc tinh véi cdc gid tri khac nhau theo n cho ¢ bang (4.1).
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Bang 4.1

N 0.2 0.5 0,8 1 2 3 5 10
K, 249 | 225 | 2,09 2 1,73 1,59 1,43 1,27
. 12 1,5 1.8 2 3 4 6 11

Qua cic gid tri 0 bang tré ta thdy rang: Hé s dong phu thudc vao dic trung phi dan
héi qua gid tri n.
Khi n < 1, ttng v6i trudng hop dudng cong quan hé cla luc dan héi véi chuyén vi 1a
dudng cong 16m, ta c6 K, > K.
Khin> 1, tacé: K < K, (dudng cong 161).
Khi n = 1, éng vdi trudng hop tuc dan héi tuyén tinh, ta cé: K, = K, = 2. Diéu nay
hoan toan ding vdi két qua da dugce xét & chuong 1.
Chuyén dong cla hé khi do tai duge xédc dinh tir phuong trinh vi phéan (4-5) véi dicu
kién ban dau sau: tait =1, ta cé:
Y2 = Yiam™ Ymax
¥, =0
Trong dé: t,, 1a thoi gian dat dugc chuyén vi 16n nhdt xdc dinh theo (4-7). Phuong

trinh vi phin dao dong (4-5) la phuong irinh vi phan tuyén tinh, nghiém ctia né dé dang
duogc tim.

3. Tac dung clia xung tic thoi S
Trong trudng hgp nay chuyén vi cua hé khi chat tai duoc tim tir phuong trinh vi phéan
(4-4) véi cac diéu kién ban diu sau:
yii»=0

S
. (0= >
y1(0) M

Liic nay tai trong bang khong P(1) = 0. Thay cdc diéu Kién nay vao phuong trinh (4-6),
ta xdc dinh duoc hang $6 C| nhu sau:

S2
C] =
2M
Phuong trinh xdc dinh chuyén vi 16n nhat cia hé s& nhan dugc tir phuong trinh (4-6)
khi cho 1 =0
dt
: $’
1 Py dy=—+ 4-14
_L, 1 (Y1) dy M ( )
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Tinh véi trudng hop luc dan héi ¢é dang ham [u§ thira (4-9). The bicu thic (4-9) vao
(4-14), sau khi 1ay tich phan va bién déi, ta nhan dugc:

L
m+DS* | —
I L R 4-15)
Ymdx [ 2KM (
Tai trong {inh tuong duong dugc tinh tweng tu nhu & phan trén:
2 arl -
P = s*.(n+1) Kol (4-16)
M

$3. DAO PONG CUA HE PAN DEO LI TUGNG

1. Phuong trinh dao dong cia hé

Xét hé ¢6 dac trung dan héi déo Ii tudng. Quan hé cta luc dan héi Py(y) véi chuyén vi
y cho trén hinh 4.4 gom hai doan thang. Doan thang dau tién tir géc toa do phu hop voi
giai doan dan héi. Doan thang thi hai song song v6i truc y phit hgp véi giai doan déo.
Luc dan héi duge xdc dinh nhu sau:

Py) = Ky. khi: y < y, = -2 P
K
: PO P
Pyy)=P, =const, khi:y >y, = i T
|

Phuong trinh vi phan dao dong ctia hé nhan dugc :
bang cach thé P(y) vao phuong trinh can bing luc 0 arcigk |
(4-3). Khi thay P,(y) = K.y vio (4-3), ta nhan duoc v !
phuong trinh vi phin dao dong cta hé trong giai Hinh 44

doan din hoi.
dZ
Md—};'+Ky, - P(1) (4-17)
2

Thay Py(y) = P, vao (4-3), ta ducc phuong trinh vi phan dao dong cta hé rong giai

doan dco:
2

d I
M dy‘ +P = P() (4-18)

t2

Nhur vay khi tinh h¢ din héi déo li tedng, phuong trinh vi phan dao dong (4-3) duoc
phin ra hai phuong trinh vi phan tuyén tinh (4-17) va (4-18).
Nghiém ctia phuong trinh vi phan (4-17) nhu da bi&t & chuong I la:

y (t)=Acoswt+ Bsinot = 1—\/[1— j‘[l) P(x)sino(t—1)dr (4-19)
0]
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Trong dé: © =, f% I3 tdn s6 dao dong riéng cla hé A, B la cic hing s6 duge xédc dinh
tir diéu kién ban dau. Néu xem diéu kién ban diu bing khong, tdc la: tai t = 0, ta cé:

v(y=0, y,(1)=0,thi A =0, B=0; Lic nay ta co:

|
v, (1) =—— | P{(m)sine(t—-1)dt (4-19")
vy(1) Mmﬁ, (t)sino(1-1)
Biéu thic (4-19), chinh 13 dao déng cla hé trong giai doan dan héi, né chi ding dén

: P,
thoi diem t =1 khidé: y, (1)) =y, = EO

Nghiém clia phuong trinh vi phdn (4-18) duge tim bang phuong phép tich phan théng
thuong. Tich phan hai vé€ phuong trinh (4-18), ta duge:

_ 1
2= [L‘Upmdt—PO(t—to)} +C,

Va do dé:
! , P(t-t,)?
)"2(1) = M{J—:‘! ,[1[0 P(l)dt- _i'(-z—a)}-}_cl([_tﬁ) +C2

Biéu thiic trén bicu thi dao dong cua hé trong giai doan déo khi t > t; cic hing s8 C,
va C, duge xdc dinh tir diéu kién ban ddu sau; tait =1, ta ¢4:
Y2 =yo: Y20 =Y,(t)
Vi diéu kién ban ddu nay, ta xdc dinh dugc:
Cr=y(t): C=y,

Do do:

P(t—t )
o - o) +y () =1)+y, (4-20)

1
ya=o J [, POdC -

-

2. Téac dung cua tai trong dat dot ngot va gilr nguyén mai trén he
Ta s€ xét mot trudng hop cu thé: khi hé chiu tic dung cla tdi trong dit dot ngot, sau
dé gilt nguyén mai trén hé (hinh 4.3): P(1) = P, = const.

O giai doan dan hoi, néu xem didu kién ban dau bang khong, tic 1a: tai t = 0, ta ¢6:
Yiw =0 ¥j10,= 0. thi phuong trinh dao dong xéc dinh theo (4-197) <€ la:

yi (B =%m(l—cosmt) {4-21)
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Phuong trinh nay chinh la (1-191) cua chuong 1.

Pé xdc dinh phuong trinh dao dong trong giai doan déo, ta can phai xéc dinh thoi
diém cudi giai doan dan héi t = t; thoi diém nay dugc xéc dinh tir biéu thic (4-21) khi
chot=t,vaKy =P, tacét:

Ky, =P, (1-cosot,)=P,

| P
Suy ra: o1, = arccos (1 - J
m

1 P,
Hay: t, =—arccos jl—— (4-22)

® m
Tir biéu thiic trén, ta thay ring bién dang déo trong hé phat sinh néu:

_pi <

Lay dao ham phuong trinh (4-20) va tinh tai thoi diém t = 1, ta c6:

§,(1,) = P}ﬂ(“”sinmto == (4-23)

Dua (4-23) vao (4-20), tinh tich phan kép cua biéu thic (4-20) véi P(t)= P . sau khi
bién doi ta nhan duge phuong trinh chuyén vi ctia hé trong giai doan déo nhu sau:

P 2P P o’ 5
SO =1+ (-1 o(t—t,)—| 1 -— [ —(t—t,)" 4-24
vy (1) K{+ P o ( )( P]Z( )} ( )

Chuyén vi ciia hé trong giai doan deo dat gia tri 16n nhat tai thoi diém (ng véi phuong
trinh ¥.(t)=0. Sau khi lay dao ham (4-4) vi cho bang khong, ta duge:
2 Pm

P
L, =1, +V—“—— (4-25)

m 4 A
wtl_ﬂn_\

P, )

Thé (1, - t,) theo (4-25) vio (4-24), sau khi bién doi, ta nhan duoc:

P 1
=0 (4-26)

¥ max
K
2 (] _ PmJ
P

(4]
Nhin xét:
- Tir bi€u thiic (4-26) ta thiy rang: diéu kién d¢ hé lam viéc trong giai doan déo vii co
chuyén vi hitu han la:



0,5P, <P, <P, (4-27)

- Khi P_ 0.5 P, thi hé¢ lam viéc trong giai doan dan héi. Chuyén vi 16n nhat ciia hé
trong giai doan dan hoi duge xéc dinh tir (4-21).

P
=p-m (4-28)
K

Y max

Bay gid ta s& xdc dinh hé s6 dong chuyén vi va hé s6 dong tai trong trong giai
doan déo.

He s6 dong tai trong ph hop véi biéu thiic (4-2) sé [a:
K, =-2 (4-29)
P

Tir cic biéu thirc (4-26) va (4-29) ta sé tim duge hé s& dong tai trong biéu thi qua

chuyén vi nhr sau:
2[3&@%_}
K =Yoo / L (4-30)

q
2{Ymax]_l 1_0,5[ YUJ
y() ymax

Hé s6 dong chuyén vi duge xdc dinh theo (4-1):

Ky — Ymax (4_31)
¥t

P . .
Trong dé: y, duoc xac dinh theo (4-26), con yy = ~K“3» Ta s& biéu thi hé s6 dong

chuyén vi theo hé s& dong tai trong bing cich dua (4-26) vio (4-31) va sir dung (4-29),
ta co:

2-K,
K, =K, |[1+0,5 (4-32)
’ K, -1

Cac cong thic (4-29) va (4-32) cho phép kiém tra kha nang chiu tai cia hé. Tir gid tri
tai trong ngoai P, va gid tri luc dan héi gidi han P, 1a dé dang xdc dinh duogc hé s& dong
tai trong K; sau d6 s€ xdc dinh he sd dong chuyén vi theo (4-32). Ta s& kiém tra
diéu kién:

P

Ymux

< Yen (4-33)

Trong do: y,y, 1a chuyén vi gidi han.

Khi tinh két cdu chiu tai trong dong da cho P, ta thiet lap quan hé gidi han:
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¥ max — E
yo PO ymax
vi s& xdc dinh hé s6 dong tai trong theo biéu thic (4-30), sau dé s€ tinh tai trong tinh
twong duong theo (4-2); Py = K, . P, Trén co s& d6 ta s& xdc dinh ndi lyc va thi€t ke
tiét dién. ’

Trén hinh (4.5) mo ta quan h¢ gitta h¢ sf dong tai trong K| véi ti s6 (—y—“-’—“i} khi hé
E O
chiu tdc dung cua 1ai trong dat dot ngdt. Dudng do thi trén cing phit hop véi tic dung
cua tai trong dat dot ngdt, sau do giix nguyén gia tri trén hé.

Kq
2

Rl

N i
; \\§:§
\

08 \ \_‘_‘—‘_'_'_' 4
\ \__E-—‘_-—_— 3
04 I——
T 1
— ] 05
0 K
1 2 4 : 6 8 10 P,

Hinh 4.5

$4. DAO PONG CUA HE CUNG DEO

1P4(Y)
Trong tinh todn cic két cdu phat sinh bién dang

deo vuot qua gial doan dan hét, déi khi ta bd qua
su lam viéc cua két cau trong gial doan dan héi, va P,
cht xét dao dong cua hé trong giai doan déo.

Liic nay quan h¢ cua luc dan héi v6i chuyén vi la
dudng thang song song véi truc v, khi tinh dao dong
cla hé cimg déo ta gia thiét rang, k&t cau duogc giit Hinh 4.6
nguyén trang thai khi tai trong dong bén ngoai chua
dat dén gid tri bang gid tr gidi han dan hoi P,

Trong trutmg hop nay phuong trinh vi phan chuyén dong cha hé ¢6 dang:

dzy

M o P(1)-P, (4-34)
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Nghiém clia phuong trinh vi phan (4-34) dugc tim bang céch lay tich phan phuong
trinh d6 va xem diéu kién ban ddu bing khong, tifc 14, tai t = 0 ta ¢6: y,,= 0; ¥, =0, ta

nhan duoc:
M %’[i = |, P()dt-P,.1 (4-35)

Pt

My = [\ ['P(tyde® - (4-36)

Tit phuong trinh (4-34) ta thay rdng: i trong ngodi tdc dung P(t) cdn phai duge bt
ddu tir mot thdi diém nao d6 nho hoic 16n hon P,. Vi vy, néu hé cing déo dao dong do
tai trong tac dung khong déi theo thai gian thi chuyén vi cha hé & ¢6 gid tri vo han.

Ta sé khao sét trudng hgp tai trong dong thay doi theo Wi
quy luat tuyén tinh véi bién do giam dan (hinh 4.7).

P'n
1)
P()=P, |1-—
’ "‘( 0) - t
C:
Trong d6: P, > P.. Tir (4-35) va (4-36), ta cé: —t
dy ¢ Hinh
M-—==P, |[t-——|-Pt 4-37 inh4.7
dt ”‘( 29] ° (30
wp [C0) 0 @
"2 60 72

Chuvén luc cta hé dat gid tri 16n nhat tai thoi diém khi %X =0 la:
{

P
t, = 29(1 ——“J (4-39)
Pm
Thé bi¢u thitc (4-39) vao (4-38), ta s& nhan duoc:
po( P Y
iy, = s [——= 4-40
y " 3M ( Pm J ( )
Hé s6 dong tai trong phit hop véi biéu thic (4-2) sé 1a:
Pi)
K, = N (4-41)
Tir hai biéu thic (4-40) va (4-41) ta s& xdc dinh dugc hé s& déng tai trong:
3M
Ky =1- [ me (4-42)
20°.P
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$5. TINH DAO PONG PHI TUYEN THEO PHUONG PHAP TICH PHAN TRUC TIEP

Cac phuong phip tich phan truc tiép da duoc xét & chuong 11 (dao dong ctia hé hiru
han bac tu do) ¢ day khi xét hé mot bac tr do cé dic trung dan hoi phi tuyén bat ky ta
ciing ¢6 the dp dung phuong phép tich phan s6 doi vét phuang trinh vi phan dao dong (4-
4y, Viec dp dung phuong phdp tich phan s6 truc 1iép déi v6i cac hé phi dan hoi rat thich
hop vit ¢6 hiéu qua: Nhu da biét phuong phdp tich phan trye tiép duge tinh véi mot chudi
cic khoang thoi gian At lién 1iép tir khi hé bat dau chiu tdc dung cua tai trong dong bén
ngoai dén thai diém mong mudn bat ki. O mdi budc thdi gian. diéu kién can bang luc
déu dugc thoa mian. Phuong trinh can bang luc c6 thé viét duge trong cdc gia s6 tuong
ing vdi cdc budc thoi gian, v viéc tich phan s6 ciing s€ duge tién hanh déi véi cac
phuong trinh cin bang luc trong cic gia so ‘

1. Phuong trinh can bang luc trong cac gia so

X¢t dao dong clia hé mét bic wr do ¢6 mé hinh tong qudt cho trén hinh 4.8a. Cic luc
tic dung vao khoét lugng cho trén hinh 4.8b. tai trong dong tdc dung bat ki cho trén hinh
4.8c; cac dac trung phi tuyén cua luc dan hoi va luc can cho trén hinh 4.8d va 4.8e.

|0 |P(Y Pl
1
M \ P m , P{i+Al) AP(Y
1 ;
I b " Al |
K iC .
P‘jn}| Pt 0 t
TS L t+at
al b) ¢)
Paly)
P+ F P{trAL; 2Pyl
A 1 RISy l_ 77/
Pyt ‘ Pdll) _ \
:.-,\"ﬂ_l!_{ L0
| i |
o} ; | o | i y
B HeAD ! v YAl !
q) e)
Hinh 4.8
Tai thot diém L tir didu kign can bing cta cdc luc tdc dung vio khéi luong. ta ¢é:
P, (O + P (0 + Py (1) =P(0) (4-43)
Qua mét khodang thoi gian ngan At, tuong Gng ta cling ¢6:
- Pq (t+ A+ P (t+ A+ Py (t + A+ =P (L + AL (4-44)
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Sau khi the' (4-43) vao (4-44), ta nhan dugc phuong trinh can bang luc trong cdc gia s6:
-AP, (0 + AP, (1} + AP (1) = AP (1) (4-45)
Cic gia s6 cla cic luc cdc phuong trinh (4-45) ¢6 thé bicu thi nhu sau:
P, (1) = P, (1+ A~ P, (t) = —MAy(1)
AP (1) =P.(t + At)- P.(1) = C{D)Ay(1)
AP, (1) = Py (1 + A — P, (1) = K(DAY (1)
AP() =F,(t+ A0 -P(1)

(4-46)

Cac tham so tai trong P(t), tham s6 tat dan C(1), tham s6 d9 ctng K(t) tuong dng trong
khoang thdi gian At duge cho trén hinh 4.8¢c, d, e. Khi biéu thi céc gia s cia cdc luc
(4-46) 1a gia thiet rang: Khoi luong cua hé khong thay déi véi moi khodng thdi gian. Cac
gdc léch uép uyén duge xidc dinh tai ddu mdi khoang thi gian nhu sau:

dv

c(l)::(dp_“\; K({}z[&J (4-47)
dy ) )

Thé cédc biéu thic (4-46) vao (4-43), ta nhan duoc phuong trinh can bing luc trong cic
oia sO tai thoi diem t:

MAV(1) + C{OAY(1) + K(D)AY(1) = AP(1) (4-48)

2. Ap dung phuong phap gia téc tuyén tinh

C6 nhiéu phuong phap dé tinh tich phan s6 truc tiép
phuong trinh (4-48), 0 diay su dung phuong phap gia
16c tuyén tinh. Nhu da trinh bay & chuong hai, gia thiét

ctua phuong phdp nay la: trong gidi han coa moi tich
phén thoi gian. gia 16¢ chuyén dong thay déi theo quy
luat tuyén tinh, khi d6 hé s6 tat dan va do cing cua hé
dugc xem la khong thay doi.

Khi gia t6c thay déi theo quy luat tuyén tinh ta co:
Hinh 4.9a.

. .. AV
y(T):yl +—— .7
Al

Voi: D <t <A

Khi dé, toc do va chuyén vi cha hé s& thay doi theo
quy ludt parabol bac hai vix parabol bic ba, hinh 4.9b, c.

. L AV T e
v(D=y, +y,.T+— —

At 2 Hinh 4.9
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2 au o3
(D=y +y, T+.¥ j:ﬁ+—Ay L
AREEAA Y2 At 6

Tir cdc biéu thice xiac dinh chuyén vi va t6c do tai cudi khoang théi gian t = Al ta s&

¢6 cic gia s t0c do va chuyén vi nhur sau:

AV(1) = V(DAL + AV(1) -—":\‘21 (4-49)
. LAY A
Ay(1) = V(DAL +y(t)—2~+Ay(t)? (4-50)
Tur (4-50). ta suy ra:
Ay(t) = o A (t)_g.([)_3..(t) (4-51)
e A y

Thé biéu thic (4-51) vao (4-49), ta duoc:
3 ) Al
Ay(t)EAy(t)—B»y(l)—?)f(l) (4-52)

The cic bicu thiic (4.51) va (4.52) vao (4.48) ta sé nhan duge phuong trinh chuyén
dong:

-

| 6 6 ..
M | —Av(t)——y(1)=-3%(1) |+
LA[Z y(t) A[y() ¥( )}

[ 3 AL
+C(1) —Ay(t)—3y(t)~—y(l)'+K(t)Ay(t)=AP(t)
L At 2 |

Chuyén sang v¢& phai til ca céic thanh phin xdc dinh bdi cdc diéu kién ban dau, ta sé cé:
K™ (D)Ay(t) = AP™(1) (4-53)
Trong do:
. 6 3
K (t)= K(I)+——2 M+ — - C() (4-54)
Al At

6

AP (1) = AP(T)+ M {

. .. . At
V() + 3y(l)} +C(t){3y(t)+7y(t)} (4-55)
Ta thay rang: phuong trinh (4-33) tuong duong véi diéu Kién can bang tinh wrong cdc
gia 0. Sau Khi giai phuong trinh (4-33), ta s& xdc dinh dugc gia s6 chuyén vi Ay(t). Thé
Av() viio (4-52) ta s& nhan duge gia 0 t6¢ do Av(t). Chuyén vi va t6c do & cudi gia 56
thoi gian At dugc tinh bang viée bo sung cdc gia s6 chuyén vi va gia sd toc do:
y{t+ AL = y() + Ay(l)
{4-56)
V(L + AU = v(1)+ Av(t)
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Tém lai, trinh tie ciia plitong phap trén dirge tién hanh nhu sau:

1. Xdc dinh cdc dac trung phi dan héi cua hé gom:

Do cing K(1), hé s6 tat dan C(1), va xic dinh cdc dai lugng bién doi cta luc can P (1)
va luc dan hoi P(t).

2. Xdc dinh cdc diéu kién ban ddu: chuyén vi ban dau va téc do ban dau duoc xem 1a
da biét tir diéu kién ban dau cua bai toan. hoac ¢ cudi gia 56 thdi gian cua budc trudc.
Gia 16¢ ban dau duge xac dinh tir diéu kién can bing luc:

.. .
§1) = —(P() - P (1)~ Py, ] (4-57)
M
3. Chon budc thoi gian At: D€ dam bao dé chinh xdc cdn thiél cua két qua tinh todn

can chon bude thoi gian:

Az
10

Trong do: T {a chu ki dao dong riéng cua hé.

4. Xdac dinh do cung K*(t) theo (4.54).

5. Xac dinh gia $0 tai trong AP*(t)theo {4-55).

6. Xac dinh gia s6 chuyén vi (ai thdi diém t tr viéc giai phuong trinh (4-53).

7. Xdc dinh chuyén vi va (8¢ do tai thoi diém (1 + At) theo (4-56). trong do gia s6 toc
do 1ai thoi diem t duoge xdc dinh theo (4-32).



Chuwong 5
TINH CONG TRINH CHIU TAC DUNG PONG PAT

Dong dat 1a mot tham hoa vo cung to 16n va khung khiép. Vi vay, tinh cong trinh chiu
tdc dung dong dét 1a mot nhu cdu hét siic can thiét trong xay dung nhit 1a vdi cic cong
trinh quan trong, cic thdp nudc, cic cong trinh nha cao tng v.v..

O chuong nay s€ trinh bay bai toin dao déng hé mot bac tu do, hé hitu han bac tu do
chiu téc dung dong dat chii yéu do gia t6¢c ngang cia nén dat y ().

§1. DAO PONG CUA HE MOT BAC TU DO CHIU TAC DUNG DONG DPAT

1. Xay dung phuong trinh vi phan dao dong hé 1 bac tir do chiu tic dung dong dat

; ¥ )
R
i M M
: v —_2 | 27 777A——e Pyll)
Il 1 ! L L 1L
| - - -
S [ K| P4t A Pyl
Truc xét 2 / ¢ ? ! 2 2
j [ / /
H 7 /
| / '
YR IR IR R R r vy v b)
Yolll |
et a)
Hinh 5.1

Xét mo hinh hé 1 bac tu do chiu tic dung déng dat duge dic trung bdi chuyén dong
ngang cla nén dat y (1) hinh 5.1. Phuong trinh can bang dugc xay dung tir hinh 5.1b.

Nhu dd trinh bay & chuong 1, §1: Phuong trmh vi phin chuyén dong do su kich déng clia
nén dugc viét 6 dang 1.21 la:

M§(t) + Cy(1) +Ky (1) = =M.§ (1) (5-1)

Thanh phan & v& phai ctia (5-1) déng vai trd nhu i trong dong thay doéi theo thoi gian
tdc dung lén hé.

2. Phuong trinh dao dong cua hé mot bac tu do chiu tac dung dong dat
Phuong trinh vi phin (5-1) duogc viét 6 dang sau: (chia 2 v&€ cua (5-1) cho M).

V(1) + 20ey(1) + 07 y(1) = =¥ () (5-2)
Véi ¢ la tham s6 tat ddn, o [ 1an s¢ dao dong riéng.
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Nghi¢m téng quat ctia phuong trinh vi phan (5-2) bing téng cla nghiém thudn nhat
tng véi vé phai clia phuong trinh bang khong va nghiém riéng. Nghiém thuan nhat biéu
thi dao dong tu do tat dan va s& mat di sav mot thdi gian ngan. Vi vay o day chi xét téi
nghiém riéng; nghiém riéng cia phuong trinh vi phan (5-2) duge viét theo (1.196):

y(t) = M# [ P(t).e™* sino, (t—1)dt; O bai todn dong dét, ta c6:
[ 20

<

y(l) = b 'Ey(ﬂ)(r)e*“s("”.sin @ (t—-T)dt (3-3)
o,

Trong d6: ®, = V1 ¢’
Véi dai da s6 cac cong trinh xay dung trong thuc t€: € < 0,2, do dé o, = o, ta lay o, = .
Viét lai phuong trinh nghiem (5-3):
L gE{t-1) _:
y()=——[§,(0e " sinot-1)dt (5-4)
o

(5-4) la phuong trinh dao déng cua hé | bac tu do chiu tic dung dong dat dugc dac
trung boi gia toc kich dong cta nén ¥ (t).

Gid tri tuyét déi 16n nhat cha biéu thdc tich phan & vé phai clia (5-4) goi 1a phé van téc
va ki hiéu la S.(g, T):

Sy (6, T) = \J't:j'fu(r).e"'”:”“”.sin o(t - 1) dr ) =NV (5-5)
Trong dé:
V(t) = ﬂy“(‘r).e_“m“_”.sin o(t—1) dt (5-6)
Phir hop v6i (5-5). gid tri tuyét d6i 16n nhal ciia chuyén vi (5-4) sé 1a
I
YO = =Sy (@ T) =5, T) (5-7)

Sy(&, T): goi 1a pho chuyén vi.

Dau trir (-) & v& phai cua phuong trinh vi phan dao dong (5-1) chi fuc kich dong thay
doi theo thoi gian tic dung vio hé ¢6 chiéu ngugc véi chiéu gia tdc chuyén dong cua nén
dat ¥,(1). Vi chuyén dong clia nén dal ¢6 dic trung déi chiu tic dung, nén chuyén vi
I6n nhit cha khéi lugng (5-7), va cdc dai luong nghién citu sau nay cling khong xét dén
diu (-) dé nixa,

3. Xac dinh tai trong déng dat tac dung ién hé

Biéu thiic tong qudt cha luc tuong Ung véi trang théi dong clia hé 1 bac tu do duge xdc
dinh theo (1.191):

Pty =P, . K@)
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Trong d6: He s6 dong hoc thay ddi theo thdi gian duge xdc dinh theo (1.197) va trong
trudng hop nay:

K(t) = 2—2 ﬂ.f(r).e""“”’”.sin o (t-1)dr= o)_[:'yo(r).e""“"”.sin w(t—1) dt = m.V(1)
Do dé: ) P,(ty =M.eV(t) (5-8)
Tai trong dong dat tic dung lén hé 13 gid tri 16n nhét cha biéu thifc Py(t) & trén:

Py =MooV =M.0S (s,)=MS, (g, T) (5-9)
Trong do: S, T)=0S (T) (5-10)

S,(e. T) goi 1a pho gia toc.
§2. DAO PONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG PONG DAT
1. Xay dung phuong trinh vi phan dao dong hé hitu han bac tu do chiu tac dung

dong dat

Xét hé n bac tr do chiu tac dung dong dat dac tnmg S
boi chuyén dong ngang clia nén y, (1), hinh 5.2.

Chuyén vi toan phan cta cic khdi lugng trén hé
s€ la:

{yz (l)} ={y(O} + {1}y, (U v6i {1} T3 véc 1o ¢6
n phan tr bang don vi

-

3 T~
==

L T K

|

“

- .. o . ruc ! ! My !

Do do: {yz (t)] = {Y(t)} + {1} Yu(l) Iei ! ,f """ '

| —i !

Tuong tng ta ¢6 phuong trinh vi phan dao dong : B ;
tong quat cta hé hitu han bac tv do chiu tac dung . : 5
dong dat viét dudi dang ma tran nhu sau: b |

[M]{¥ @} +[CTiyw] - [K iy oy

TR IR TET R IR TR I RT

-

= 7[M]{l} yn(l) (5—11) felth i
Trong dé: [K], {M], [c] 12 ma tran cimg, ma tran
khoi lugng, ma tran tat dan cha hé. Thanh phan bén Hinh 5.2

v& phii cia phuong trinh (5-11) dong vai trd nhu véc to tai trong dong thay déi theo thai
gian tic dung én hé.

2. Phuong trinh dao dong hé hiru han bac tu do chiu tic dung dong dat.

Peé tim phuong trinh dao dong. ta c6 thé 4p dung phuong phdp khai trién tai trong theo
cdc dang riéng (cling cé thé dp dung phuong phédp toa do téng quét, v.v...). Tai trong
khai trién theo cic dang riéng duge xdc dinh theo cong thirc (2.130) va trong trudng nay
sé la:
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__lo)' {9 fo) M4 o _
)= (Ml =B G o - o) o1

M=B~; W, goi la hé s6 dang (5-13)
{o:;} M[{e;} M
Véc to chuyén vi clia hé ving vdi dang dao dong riéng thit i dugce tinh theo (2.135):

v} =M {R}K©
Khi chiu tic dung dong dat:

Trong dé: K, =

Kui(t):Lrf(r)e_(‘)isi“_ﬂ.SinmjC(I—T)dT=L_[‘yn(T).e"migi(H).Sin(Di(t—-‘I:) dt
] K G-)I 4

e

K, (1) =-1—Vi(t) (5-14)
w

Do do: lv,0}=[M]" (R}
Pua (5-12) vio biéu thic trén, ta duoc:
V.t
o} =k do )22 619

i

Gid tri 16n nhat cla véc 10 chuyén vi ing véi dang chinh thi 1 s 1a:

Syi(e..T,
3,0 =22 0 Sy T o) (5-16)

minX

Trong do:

1
S, (g, T,)=—S,,(¢,. T.) 1a pho chuyén vi dang i, con S, 1a phé vén téc dang i:
©,

H

=|V, (t)|mdx (5-17)

maX

Svilg,, T) :“‘_yn(r).e*‘“*gi“‘”.sin o {t—1)dt

Véc to chuyén vi cua hé duoc viét tir (5-15):
Hi y
{y}= [CD]{ t)} (5-18)
Trong dé { V. (I)} la véc to ¢d cdc phan tr bang h‘\./'i(t) voéii=1.2, ... n.
w;

3. Xdc dinh tai trong dong dat tic dung lén hé

Véc 1o luc tuong ng v6i trang thdi dong clia hé hitu han bic tu do dng vdéi dang chinh
thit i duogc xac dinh theo (2.139):
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{Pd.i(t)} = {Pi}'Ki(t)

Trong dé: K (1) duoc tinh tuong ty nhu (1.197) va vdi téc dung dong dat s€ la:

K.(1)= Wi f fir)e “F Y gin o, {t-1dt= é)i fyn(‘t).e_“’iai“'”.sin(ni(t#r) dt =, Vi(t) (5-19)
w ™ ' o

Pua {P.} theo (5-12) v K (1) vao biéu thikc trén, ta dugc:
{P 0} =p; Mo} 0, V(0 (5-20)

Vécto tai trong dong dat tic dung lén hé img vdi dang chinh thit i 12 gid tri 16n nhat
ctia {5-20);

{Pidd} = [M]{o f o Sy; (e T) = [M]{(Pi } S, T) (5-21)
Trong dé: S, (g, T)) = ©,Sy,(z,, T,) 12 phé gia t6c dang i.

Tai trong dong dat tic dung vao khdi lugng K (tang thit K) cia tat ca cic dang dao
dong riéng duoc 16 hop bang cach tinh gﬁql ddng trén co so i thuyét xdc suat:

- S - e e

Cudi cung ta ¢é vécto tai trong dong dal tac dung lén hé hitu han bac tu do:

Pub={ 2P} + (5-23)

4. Mot s6 phuong phap tinh hé hiru han bac tu do chiu tac dung déng dat
a} Plucemg phdp phé

Véc o tai trong dong dat {img véi dang chinh thit { duge xédc dinh trén co sd cic duong
cong phé gia tdc, hodc cdc dudng cong phé van t6¢ theo cong thiic (5-21). Trén hinh 5.3
cho thi dy mé ta cdc dudng cong phé van tdc. Phd van t6c nay duge tinh todn theo biéu
thic (5-17).

b) Plurong phdp tinh hoc ticeng diwong
Véc to tai trong dong dat tng vdi dang chinh thi i

{pidd} =[Q] {wi] i, K (5-24)
Trong dé: [Q] - ma trin trong luong cug hé;

K,; - hé s6 dong dat ing véi dang 1.
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Theo quy pham CHMIT 1I-8-71 (Lién X6) thi:
Ky, =BK. KK, K, (5-25)
Véi: B, - he so phu thuoc chu ki dao dong riéng, va loai nén dat;
K, - hé s6 tra theo cdp dong dat (hé sé ving);
K, - hé s6 tinh dén su hu hong cho phép cua cong trinh;
K, - hé s6 cac giai phap két cau,
K,, - hé 56 ké dén dac diém ket cau.

Tat ca cdc hé s6 trén déu 6 bang tra va chi dan cy thé trong quy pham.

15

ﬂ

1{— * —_—
/ 2%

§ 40%
r——
[P

0% 12 18 24 3 {s)

Hinh 5.3

) Phitong phép tinh theo gidn do gia toc

Phuang trinh vi phian dao dong hé hitu han bac tu do chiu tic dung dong dat (5-11):

[MIFOf +[Cl vy} +[K] {y0] =-[M}{1} ¥,

Phuong phap tinh theo gian do gia toc la phuong phap giai truc tiép phuong trinh vi
phan dao dong trén khi ¢6 gidn do gia toc cia nén ¥ (1) & vé€ phai.

Gian do gia t6¢ nén ¢6 the la gian dé gia t6¢ thuc, né duoc ghi bang mdy, hoac ¢6 thé
12 gian do6 gia tdc mo phong do nganh Vit li dia ciu dua ra. Phuong phép thich hop dé
giai phuong trinh vi phan nhu vay 1a cic phuong phap tich phan truc tiép theo cdc budc
thoi gian da néu & chuong 2.§16 nhu phuong phiap Niumax, phuong phip Vinson0,
phuong phap sai phan hiru han...
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Ngoati ra, ¢é thé tham khao cdc quy pham cua cdc nude nhu quy pham cua My: UBC
97, quy pham cta Trung Quéc GBJ 89, v.v... va cdc phuong phap khdc dé tinh todn va
xdc dinh tai trong dong dat.

5. Thi du:

Xdc dinh tai trong dong dat tic dung khung 3 ting hinh 5.4. Kich thudc, tiét dién,
trong lugng phian bé cdc tang cho trén hinh vé "Cong trinh xay dyng trong viing dong
ddt cap 8 ¢6 K, =0.2: Cdc he s6 K, =0,25; K, = K,, = 1. Nén dat loai L

: 5 z
] 40 x 50 gy = 3,5Tim E=265x%10 kglcm
Py N P I
— 40x 40 £
p:d _ 40x 59 Q2= e
-— 40 x 40 s
" 40%50 | q,=682Tm =
P, £
| 40x60 &
N [ b p Ay —
| 6m |  6m | 6Bm |
I ! f |
Hinh 54

- Xdc dinh tan s6 va dang dao dong riéng:
1 6,82.18 35018

Khéi lugng cédc tang: m, = m, = gqi!=W= 12,55 m, = X =6.43
12.55 0 0 s 123 0 0O

Do do: [M]=] 0 12,55 0 % [Q]=] 0 123 o |.T
0 0 6,43 0 0 63

Ma tran mén:
8, 8, 831 [3.48 4,242 4,242
[F]=|8, 8, 0, (=|4.242 854 9147 |.107m/T

3y 83 Oy 4242 9147 1335
Trong d6 cdc hé s6 do mém dugc tinh gdn ding theo cong thifc cla Sigalov. Phuong

trinh tin so:

[F] [M] ~;)1—2[E] ~0. Dang dao dong rieng: {;} = - [B,, ] (B,

o, 6,98 1 1 1
Kétqui: {of =, p=4213ps7, [®]=] 1.885 0,222 -1,197
©,) 311 2,256 -1,248 1,096

Cidc dang dao dong riéng dau thoa man dicu kién truc giao (2-58).
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- Xac dinh véc to tai trong dong dat ang vdi dang chinh thit i theo (5-24) va (5-25):
{Pl;ls} = [Q] {‘Pi } HjB.‘KcKleK\,;
K=KXKK,K, =02.0,251.1=0,05

Tinh B,: cong trinh xay dung trén nén dat loai I, nén:

6.9
i=1 6 B=a=2_0%
T, 2= 2=m
e ©, 21.3 ,
= =72 c0 =—==—=330>3 laV -,=3
[3] Ts 1 o BZ 211: 275 2 B_
i=3 6 B, =3

T
M

Tinh hé $6 daﬂg L theo (5-13): M, = M

{o,) [Ml{o;}
1255 0 0 |1
{t 1885 225} 0 1255 0 |4l
=Ly, = {(pl}T [M]{1} _ 0 0 643} |1
o Mo} 1255 0 0 |[ |

{1 1,885 2,256}| 0 12,55 O [{1.885

0 0 6.43]12,256

=0,565

T
1=2: M, = {%T [M]{l} =...=0(,319
{01 [M]{en}
i=3 My = tod M) =...=0,119
' {‘P%}T[M]{(PW
Vay
23 0 01f | 3,85 P
{P,‘"‘}= 0 123 0 |{1,885}0,565.1,11.0,05= {7.28 }.T = < P"
0 0 63][2.256 4,44 pdd
123 0 0 1 5,88
{P;“‘}: 0 123 040,222 ;.0,319.3.0.05=41.31 ;T
0 0 63|-L248 |-3,74
123 0 0 1 2.2
(Pl 0 123 0 [{-11971.0.1193.0,05=1-2,62} T
|0 0 63](L069 1,23

Xac dinh tai trong dong dat tdc dung lén hé: theo cong thic (3-22)
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2 2 2
Pldd = \/(Pff] +(P1d§) +(P1"$) — 3852458824222 = 7.36.T

P& = 7,287 +1,312 +(~2.62)> =7,85.T, wong ty dugc P& = 5,94.T
Véc totai trong dong dat tac dung ién hé.
7,36
(P} ={7.850.T
5,94

$3. DAO PONG CUA HE VO HAN BAC TU DO CHIU TAC DUNG PONG DAT

1. Xay dung phuong trinh vi phan dao dong hé vo _
han bac tu do chiu tac dung dong dat y bt

Cac hé c¢6 khoi lugng phan bo lién tuc nhu cic cot
cao, cic ong khéi... 1a hé vo han bac tr do. Véi he vo
han bac tu do, chuyén vi toan phédn cua khéi lugng do
kich dong ctia nén hinh (5-5) la: |

Y2 (6.0 = (Y0 D+ F(x).y, (1)
Trong dé: f(x) 1a chuyén vi ctia hé do chuyén vi cla
nén bang don vi gay ra.

Luc qudn tinh cta khéi lugng: |

q, (x.0) =—m(x)[§(x. 0+ F(x) ¥, (0]

Tuong ing ta cé phuong trinh vi phan dao dong cua
hé vo han bac tr do chiu tac dung dong dat duogc viét &

dang tuong tu nhy phuong trinh (3-2) va (5-11): Hinh 5.5
o é‘zy(x,t) [‘}ly(x,t) ay(x,t) .
EJ +m +C =-mCOf ()., (t 5-26
axg{ SN XA Y (Of(x).¥,,(t) (5-26)

Thanh phan & v& phai clia (5-26) dong vai trd nhu tai trong dong phan bo tae dung 1én hé.
2. Phuong trinh dao dong hé vo han bac tu do chiu tac dung dong dat

Ap dung phuong phép khai trién tai trong theo cdc dang riéng dé tim nghiém cua
phuong trinh (5-26). Tai trong khai trién theo cic dang riéng duge xic dinh theo cong
thue (3-58) va trong truong hop nay sé ia:

j’:Xi(x)qm)dx X (0 jliXi(x)m(x)f(x)dx
[fmxlodx 0 [fmXE0dx

X 1

q; (X) =m,.X;(x) =m, .X;(x).u; (5-27)
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1%, 0om(x)f(x)dx

Trong dé: y; = - Hé so dang (véi hé v6 han bac ty do) (5-28)

J'i: m, X; (x)dx
Phuong trinh dao dong iing véi dang chinh thi i duge viét phit hop vai (3.60):
i(X)
yj(xvt) = L Kaj (1)
m

Trong do: K, (1) duge tinh theo (5-14): K, (1) =

Pua q(x) va K(t) vao phuong trinh dao dong, ta duoc:
V(1)

v (X0 = X, (), - (5-29)

Gid tri 16n nhat:

Sy,(e;,T))

v (x) = X (%), =X, (x).1;.S, (5, T) (5-30)

3. Xiac dinh tai trong dong dat tac dung lén hé
Luc phan bo tvong tng vdi trang thdi dong cia hé vo han bac ty do dng vdi dang
chinh thit i dugc viét tir tich cua 14i trong khai trién theo dang i va hé s6 dong hoc thay
doi theo thoi gian ciing cua dang i:
Gai (X0 =q; (x). Ki(1)
Trong dé: q,(x) dugc tinh theo (5-27), K (t) duoc tinh theo cong thic (5-19):
K, ()=o,V.(1)
Dua g,(x) va K{t) vao biéu thic trén, ta dugc:
Qo (X0 =m, X, (X).1,.0,.V, () (3-31)

Tai trong doéng dat phin bo tac dung 1én hé vo han bac tr do tng v6i dang chinh thit i
la gid w1 16n nhat cua (5-31):

g ()= m X, (), 0,8y (8, T) = m X, (x)1,S

5,8 T (5-32)
Ciing ¢6 thé tinh lyc phdn bd tuong Ung vdi trang thdi déng ctia hé vo han bac wr do
ting vdi dang chinh thi i tir phuong trinh chuyén vi y(x, t) nhd quan hé vi phan:

&y (x.1 -’
qu,(x.0)=| EJ_ —1—(5——) (5-33)
ox® |
Chuyén vi va néi luc todn phdn cua hé duge xdc dinh trén co 6 (6 hgp chuyén vi va
noi luc cua céc dang dao dong riéng theo Ii thuyét xdc suat wuong tu nhu véi hé hitu han
bic tu do d&i vdi cic diém trén hé.
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